KAS 203 : MATHEMATICS - II

UNlT-l DIFFERENTIAL EQUATIONS " {1-1Fto 1-41 F)
Linear differential equation of n" order with constant coefficients,
Simultaneous linear differential equations, Second order linear
differential equations with variable coefficients, Solution by -
changing independent variable, Reduction of order, Normal form,
Method of variation of parameters, Cauchy-Euler equation, Series
solutions (Frobenius Method).

UNIT-2 : MULTIVARIABLE CALCULUS-II (2-1Fto 2-25 F)
Irnproper integrals, Beta & Gama function and their properties,
Dirichlet’s integral and its applications, Application of definite
integrals to evaluate surface areas and volume of revolutions.

UNIT-3 : SEQUENCES AND SERIES o {3—1 Fto 3-26 F)
Definition of Sequence and series with examples, Convergence of -
“sequience and series, Tests for convergence of series, (Rato test, I
Alembert’s test, Raabe’s test). Fourier series, Half range Fourier sine
and cosine series.

UNIT-4 : COMPLEX VARIABLE-DIFFERENTIATION  {4-1 Ft0o4-27 F)
Limit, Continuity and differentiability, Punctions of complex
- variable, Analytic functions, Cauchy- Riemann equations (Cartesian
and Polar form), Harmonic function, Method to find Analytic
functions, Corformal mapping, Mobius transformation and their
properties.

UNIT-5: COMPLEX VARIABLE-INTEGRATION "{5-1F to 5~-32 F)
Complex integrals, Contour integrals, Cauchy- Goursat theorem,
Cauchy integral formula, Taylot's series, Laurent’s series,
Liouvilles’s theorem, Singularities, Classification of Singularities,
zeros of analytic functions, Residues, Methods of finding residues,
Cauchy Residue theorem, Evaluation of real integrals of the type

[ fcos 6,sin 0) @ and [ flx)dx -

K

. SHORT QUESTIONS ' (SQ-1F to SQ-22F)

No Previous papers are attached because Unit 1 & 3 are from old
Engineering Mathematics-Il syllabus, Unit 2 is from old Engineering
Mathematics-1 syllabus and Unit 4 & 5 are from old Mathematics-I1]
-syllabus.
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CONCEPT COUTLINE

Differential Equation : An equation involving derivatives of one or
more dependent variables with respect to one or more independent
variables is called a differential equation. ’

For example, log[j—yj =ax+ by
X

(1 —-x2 (1 — yvidx = xv(1 + y)dy

dy _

oy - see (x + ) |
Order of a Differential Equation : The order of a differential.
equation is the order of the highest derivative involved in a differential
equation. '

For example,

4 2 .5
ﬂ+ g.q— [EJ = e%is of 4% order.
dt*  dt? Ndt
Degree of a Differential Equation : The degree of a differential
equation is the power of the highest derivative which occurs in it, after
the differential equation has been made free from radicals and fractions

as far as the derivatives are concerned.

d4 dz 5
For example, E;Tx + dt—g_'_(%) =&, is of first degree.
Linear Differential Equation : A linear differential equation is an
equation in which the dependent variable and its derivatives appear
only in the first degree. :

: d’y  dy
For example, +—= — By =4x2 7
P a7 :
The above equation is called a LDE (linear differential equation) with
constant coefficients.

1-1F (Sem-2)
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Write the procedure to find complementary function. '

Following are the steps to find complementary function : .
Step I : Put the RHS of the given equation equals to zero. L.e.,
fD)y=0
d d’ 2 . " .
St.ep II : Replace o =z I, > T ~ D* and so on t.e., convert the given
X
equation in symbolic form. :
Step III : Make an auxiliary equation replacng by m.
e.g., {D? + 4D + 7) = 0 then its auxiliary equation is
' mi+dam+T=0
Step IV : Find the roots of auxiliary equatmn {AE), CF will depend upon
the type of root. _
Case I : If all roots of the AE are real and distinet say nz,, m,, ..., 7,

Then, CF = Cie™" +Cge™ + ...+ C, e
Where C,C,, ..., C, afe constants.
Case I1 : If roots of AE are real and equal say

m, = 'mz ....... =m_=m(say)

Then, CF=(C, +Cx+C x" + ... +C x")e™
If some roots are equal, others are distinct say
m.l = m?_ = mﬂ =m I
a_nd m,,meg, ....,m,
Then, CF=(C + Cx+ Cx?)e™ + Cpe™¥ + Cse’“‘*" +.
Case III : If the roots of AE are complex say
m = o = i3, then

Y
W+ C e

CF = el Cée{“ -iphx
or CF = C’le“.I x4 C e xem _
CF = C e (cos fx + i sin Bx) + Ce* (cos Px — i sin Px)
CF = &**(C| +Cy) cos Bx +{e"*{(Cy ~ Cy) sin i
CF = ¢**[A cos [ix + iB sin fix]
or changing the constants '

CF = e™(C, cos bx+ Cysin fix)

A
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This expression may be written as
CF = Ce*(cos px+C,)
or CF = Ce*(sin px + C,)
Case IV : If the AE has irrational roots say

= ot Jﬁ , where B is positive
Then, . CF = e“(C, cosh./p x+Cysinh /B x)

e Explain the method to find out the particular integral
when the function in RHS is e, fla) = 0 and ™, fla}) = 0.

A Casel:
When RHS function is ==, fla) = 0,
Then, = 1 ax
F)
- Now replace D by a so PI will be,
] eﬂx
C fl@
IfFAe)=0,it will be a case of failure,
B. Casell:
When RHS of function is e™, fla) =0
' ax
Then, = il
£
ax
Now, PI= *¢
Frny

Multiply with x and differentiate denominator once.
Again if, f '(a) = 0 then, continue to multiply with » and differentiate
denominator, :

eﬂx
Fiad
4(5%%? What is the procedﬁre to find particular integral when

the RHS function is either sin ax, cos ax while f{- ¢?) = 0, or sin ax,
cos ax while fi—a®) =0 ?

PI = x~

Case I : When function is sin ax or cos ax and fi—a%) = 0,
sin ax

PI=
FD%)
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_ cosax
Fo% _

In both cases replace D* by — a2 but f{- @) = 0. If after replacing [? by

—a? any term of 22 exist in denominator then, multiply the operator by

its conjugate, again D? by —a® Terms of D in numerator stands for

differentiation of function. ’ :

oT

Case II : When function is sin ax or cos ax and fl—a?) =0,

sinax . sInax
PI = - 2 = X o
o) Fri—a“)’
Repeat this step again if (- a?} = 0.
d?y . . s
Solve Ex_2+4y = sin? 2x with conditions y(0) = 0,

d’y oy
5 t4y =sin"2x
a? 1 4 - cos dx=1—2sin® 2x
v cos 4dx .
e 4 Ay = = - . —
dx® Y= 2 2 sin? 2x = 1-cos 4x
The auxiliary equation is
mi+r dm =0
mimn +4)=0
m=0,-4

CF = Cl + Cze -4
[‘1 - _9914_%)

PI= 22 2 ~/

DD+ 1)

_ 1(1-cos4x)

T2 DD+4)

_ 1 1 B cos dx

T 2| DD+ 4) DD+ 4)

_ 121 1 | _ cosdx

T 2(4]1D D+4] (-16+4D)
1)1 1[ D]"l} 1 cos4x

= —|-x-—|1+— - —_—
2|4 4 4 2x4(D-4)

AT
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_ 5[z_1_12]_1M vos dx
2i4 4 44) 8(WD%2-16)
= l[f—l}—;(});r@oomx
2{4 4] 8(-16-18)
= %[g-i]+2;—6[—4sin4x+4cos4x]
Complete solution is _
- 1 1 1 .
¥y=C, +Cpe *+ > i—z]+§£[—4sm 4x + 4 cos 4x]
y=C,+Ce -+ -é(x —_1)+_é [cos 4% — sin 4x] (1.4.1)
Now using the condition y(0) = 0, we have
1 1
0= CI+C2_ g*a
Cc v, = L (42
1 2 64 . . .

Using another condition ¥'(0) = 0, we have

1 4 .
¥y =—4Cc %+ =+ —— [~ sin 4x — cos 4x]

8 64
1 1
0=-4C, + —+— (-1
5 16 Y
ac,=1_1
& 16
4c, =21
16
1
C,= —
64
Fromeq. (1.4.2), C, = 6_(1
On putting the value of €| and C, in eq. (1.4.1), we get
¥ = %4-&3. 4I+%(x—l)+é [cos 4¢ — sin 4x]

A function n(x) satisfies the differential equation

dini{x) ni(x)
dx®*  IF
are n(0) = x and r(w) = 0. Find the solution to this equation.

ARTOE0E

= 0, where I is a constant. The boundary conditions
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d’n(x)  nle) _
S
The auxiliary equation is

1

4 —_

mn —?._0
L

. . L
CF=Ce * +Chet
Complete solution, -
n(x) = CF +PI

_x
I

nlx) = Ce * + C,el S

Boundary conditions are wrong. So we can’t solve it further.

PI=0)

2
dt: + 9% = cos 3.
dZx
+9x = cos 3t
de?

. (D% +9)x = cos 3¢
Auxiliary equation ; m%+9=0

mi=-9=m=-x3
CF = (C, cos 3t + C, sin 3t)
Pl= 5 cos 3t

D+ 9

1 e f_[_sin3t}_tsin3_t
PI_-tzﬁ CDb3f—2 Y &

Complete solution, x = CF + Pl = cos 3¢ + C, sin 3¢ + :—; sin 3t

+a’y = secax

Auxiliary equation is,
m2+aZ2=10
m o= Qo

e S e e, L
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Differential Equations

Where,

CF = C, cosax +C,sinax

1
PI—- ——— sec ax
0?4 a?
1
(D —ia) (D + ia)

= 1 1 —1 sec ox
% | D—ia D+ mJ

i k 1 Sec gx — # 580¢ dx
T i | (D —ia) (D +iq) -
1

S
2ia th 2]

- — seC ax
D —ia

= eia"fe'i“x sec gx dx

= e“‘"_[(cos ax — I sin ax) sec ax dx

= eE“"I(l — i tan ax) dx

e {x +1 (EJ__{{ oS a{)}
o

1 —inx
Py= —— (secax) =¢€ {x - L(
2 D+iia

log cos axj}
a
Replacing ¢ by — i)

Fem{x ; g[w]}_e_m {x__i[wm

[£3

]
1 ]:x(em — ey 4 i[log———c:S ax)(e,-m + e_m)]

o i
2 ixa sin ax + — log oosax2cosax:|
a

1 . 1
— | xsin ax + — cos ax log cos ax
a a

_ Solve (D2 -2D + 1) y=e* sinx

(P _2D+ 1)y =e*sinx
Anxiliary equation,
m2_2m+1=20
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mZ—-m—m+1=0 3
mim—-1)—-1{m-1}=0

(rm — 1)2 =0 J
=1,1 3 2
CF = (C, + Cyx)e*
1 i 2dy+y xe*cos x
PI= — — e® sin x ! - Ydx )
(D*-2D+1) : dx
= g% —— 1 sin x
(D+12-2AD+1D+1 §
i
= e" 1 . gin x = e* sinx 2
S (D?+2D+1-2D-2+1) D* ' 4y Y _ oy = ze* cos x
Replace D2 by ~ 1 dx® " dx
: = —e*sinx N Auxiliary equation,
-~ Complete solution = CF + PI % (m?—2m +1)=0
¥y =(Cy+ Cyx)e* —e* sinx " f (m—-12=0
& m=1,1
Solve: (D?-3D +2)y=a%+2x + 1. ’5 CF = ( II-CZ“G‘ .
3 = xe*cosx = ————e*(xcosx)
D-1)2 (D12 s
£ x 1
; = 5 X COSX
: (D+1-1)
(D2 _3D +2)y=x24+2x+1 ' : H : < 1 x 1 .
Anxiliary Equation, ' =€ ﬁxcosx =g B[x51nx+603x]
- ml_)?m*';)“g : = g* [- x cos x + sin x + sin x]
m — rt = ;
m=12 : Pl=e"[-xcosx + 2 5inx]
CF = C:I - Complete solution is given by
, = CF + PI
Pl= ———— L - (x? ¢ 2x + 1) - Y * .
(D*-3D+2) ’ ¥y=(C +Cx}e*+e (-xcosx + 2 5in x)
1[1+D2_3D}_1( 242x+1) .
= _— —_— x N
2 2 :
- b : A 2 ' r
ST N ) PN
27 2 2 2 ;
- 3 : B
1 D* 3D 9D* A
) _1 Tttt —‘(x +2%+1) " Same as Q. 1.10, Page 1-10F, Unit-1

(Neglecting higher terms) (Answer:y =(C +C,x}e™ +e ”(— x% cos x + 4x 5in x + 6 cos x))

24 ox +-1—-—2—+§-(2x+2)+gx2J
2 2 4

[V A

o ‘ 9T
x +2x+.3x+-3+-2-
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Solve (D2 -

Given equation, (D?—

Auxiliary equation,

2D + 1) v = e* cos & + sinx cos 3 x.

20 +4)y =¢" cos x + sin x cos 3 x

m2-2m+4=0

"t =

+2+ J4-16

2

i 2+ /-12
2

m=1+i-/3

Complementary function is
CF = €* (C, cos f3x + C, sin J3x)
Particular integral, P1= P, + P,

P =e"cosx
. 1 .
- —— & D5 X
D*-2D+4
- ex - 1 Cos5 X
(D+1P-2D+1)+ 4
= ‘—1—— 08 X
e D3¢
= e°- co
€ ~1+3 =¥
Z e COS X
B 2
P —;——qucos‘&x
2T pt-2D+4
:141__ 2sin x cos 3x
2(D* 2D+ 4)
= 1,——1 —{su1x+3x)+51n(x—3x)l
2DF 2D+
= 1—7~—(31n 4x —sin 2x)
2D -2D+
1 . 1 . 3
= = - — 2
~ 2 Dra™™* P 2pra " x]

CERs T
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1

—sin2
“2pia " x}

D

[ si_n 4x — —;5 sin 2x}
sm 4x + L sin 2x
D

(- 6)

[i T 311141—0052’6:[
D 2
[ D - 6>Sm4 _oon 2% |

—52 2 |
[ cost'J_
2

cos 2x
8

4 cos 4x 651n 4x

1
2|-@*-2D+4
1
2
1
4
1
4
1
4
1
4
1
1

Complete solution,
¥y=CF+PI
¥y = (C cosJ§x+C smx/_x]+e

1 [40034x~631n_4x]_c05 2x

[4 cos 4x — 6 sin 4x] B
o2 )

COS x

52

r ) CONCEPT DUTLINE

Simultaneous Differential Equation : If two or more dependent
‘variables are functions of a single independent variable, the equations
which consist of the derivatives of such variables are called
simultaneous differential equations.
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{ Solve the simultaneous equation % +8x-2y=1#,

x=—e¥(~C V2 sinh V2¢+ J2 C,cosh J2 1)

d—i+x+y= 0 being given x =0,y = 0 when # = 0. i +2¢73(C  cosh J2 ¢t +C,sinh J2 ) + rRdPT (1134
a Boundary_ conditions .
x(0) = 0, (0) = 0
’ From eq. (1.13.3) and eq. (1.13.4), we have
: o=c,+8
(D+8)x—2v =¢ ...(1.13.1) 7
x+ D+ Dy=0 {1.13.2) ; 6
On multiplying eq. (1.18.2) by (D +5) and subtracting from eq. (1.13.1), | Cr=—7
we get : . N
D+ 1 D+58)y+2y=—1¢ _ and 0=*\/§C2+201+E
(D2+6D+5+2y=~t i S 12 1
Auxiliary equation, m? + 6m + 7=0 : ) 5 . N2, = - + o
m = -6+./36 -28 :>m=—3i\/§ ] . ] 83 . e
2 V2C=—45 -
CF = =% (C, cosh /2 t + C,sinh /2 8) . 83 '
- = vz
Pl = I — (_ t) i . :
D +8D+7 £ "8 83 1 6
, 1 ¥ Now, y = e [——cosh Jor - sinh Jﬁt}——(t——]
~ —1L11 D2+6D] ® 1[1 GD)t i 7 4972 7 7
A TRl T 4 f
7 7 x= —g# L—Eﬁsmhﬁt—@coshﬁtj
pro_ 1 [t 6] N7 49
7 7 ' ) ] +2e_3'(f—g\/§t—4983§sinh\/§t] LA
y = e=3 (C cosh 2 t +C,sinh 2 ) — = [; - g) LA(L18.3) _ _ . _ 7 49
d . p Solve the followihg_ simultaneous equations.
d_y = e (~C, J2 sinh J2 £+ 2 C,cosh V28 ; -
t X F e +¥y =sinf
—3e™¥ (Cycosh V2 t+ Cysibh V20 - 5 -
From eq. (1.13.2), : 2t? +x =cosi
__ay
- dt !
x=-¢e ¥(-C J2 sinh J2 ¢t +/2 C, cosh JZ o+ % Let % =D then the given system of equations become
+ e (C, cosh\,’é ¢ + O, sinh \/’5 o : D2x 4+ y = 5in ¢ . (1.14.1)
" 6 : x+D% = cost {1.14.2)
— e (C, cosh 2t + Cysinh 280+ 3 (t —) Multiplying eq. (1.14.1) by D?, we get '
7 7 : Déx + D2y = —sint {1.14.3)

Subtracting eq. (1.14.2) from eq. (1.14.3), we get
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(D* 1) x=—sinf—cost
Auxiliary equation is

mi—1=0
-1 m2+D=0
= m=1-1,%xi
CF=Cpef+Cpe?+Creost+C sint
PI= —; 1(—'sint—cos ).
: . 1 .
= _34D3 {sin? +costf) = Z(—cosr+1n t)
x=Cel+ Cppt+Cyeost+ C sint + —i—(sint— cost)

-(1.14.4)

Y. [ . 1 .
Dx=Cet+Chpe— C,sint + C,cost+ y (cost +sin ¢} + 2 (sin t—cos 1)

. . £ .
Dix=Cet + Coet —Cycost + C sint +Z(—sm t+cost)

1 . . 1 : .
+ = {cost +sin i)+ 2 {cos £ +sin )

d2x

From eq. (1.14.1), y = gin ¢ — g
£,

. £ . 1 -,
y=—Cle‘—Cze“+Cacost+C4sm-£_+Z(smt—cost)+ 2 {sinf—cos i)

Eg. (1.14.4) and eq. (1.14.5), when taken together, give the complete
solution of the given system of equations.

Solve the following :
dx

2 _ax
dt i

dy _ « =

@ =—x- 3y with (0} =6 and »(0) =-2
dx

= =3x+ 8

dt 7

dy

e

it * Y

Let d _ i}, s0 the given.equ.ation reduces to
¢

. (1.15.1)
- £1.15.2)

(D —-3Nx—-8y=20
x+{D+ 3y =10

P,

1-16 F (Semn-2) Differential Egquations
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Wi poeT

Multiply by (2 + 3) in eq. (1.15.1) and multiply by 8 in eq. (1.15.2}, then
add both eql_lations
(D2 -9+8)x=0

(D2—-1)x=0
Auxiliary equationis, m? -1=0
m==1
CF=C, e +C,et (1153)
PI=0
RS x=Cet+ e
From eq. (1.15.1),
| gy = B _ gy
dt
dx
or By = E—3x |
8y = C)(— e + Cpet —3 IC, e + Cy ]
8y = —4C ¢~ ~ 2 Cpet o _
y=-05C,et~0.25C,¢ .(115.9)
Apply boundary conduction, :
x(0} = 6
From eq. (1.16.3),6 =C, + C, . ..{1.15.5)
From eq. {(1.15.4), y(0) = —2=—-0.5 Cl —-0.25C, ’ ..{1.15.6)
By solving eq-(1.15.5) and eq. (1.15.6), we get
C =2
C,-4
x =2t +4¢f
y=—et_gf
Solve-—j—d:+2x+'4y = 1+4t;%+x—y = gt"’.
%+2x +4dy = 1+ de, % +x-—y= gtz

.. a . .
Writing I for - the given equation becomes

(D+2)x +4y =1+ 4¢ ..(1.16.1)

3,
x+(D— 1y = EH (1.16.2)
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To eliminate y, multiplyving eq. (1.16.1) by (2 — 1) and multlplymg
eq. (1.16.2) by 4, then subtracting, we get
HO +2)(D - 1) —fx =D — 1) (1) + 4D — 1% — 6¢2
(D2+2D-D —2-4)x =—1+ 4 —4¢ — 6£2 :
D2+ D-6x=3_4t—6t°
Auxiliary equation is
: mZem—6=0
m2+8m—2m—6=0
mm +3)—2(m +3) =
Am+Dm-D=0= m=2,-3
: CF=C e+ C,e™

1
Pl= —————— (3 — 4t —6:2
(D2+D~6)(3 4t — 6£°)
3 or 4t _ 6 /2
D+ D—-86) D2+ D-6) (D2+D.—6)

—1 1
3 4 [ D Dz) ( [_D 1)2]
SO N I O R~ PO O D SO S 2
6 6[ 6 6 B e N ¢
3 4. D D% ( D DZJ [ D 92]2 "
==+ I+ = t+|1- | - = —=_"] ¢
6 6[ 6 6J+'[ 6 6/ U8 6/ [
3 46 4 ., 2 2 2, 61 (~18+4+1242)
= - — = ==
6 6 3 """ "6 36 et 36
Pl=#2 4+t '
So, x=C1e2"+C2e‘3‘+tz+t
Now % = 2C, e 3c, e L2+ 1

Substituting the values of x and % ineq. (1.16.1), we get
4y = —2C % +3C, e -2t —1-2C, ¥ —2C, ™
—27 -2t + 1+ 4t
1 1
2t , L 3t _ L2
y:-—Clet+4cze E—Qt

Solve the simultaneous differential equations

dx azy dy
4 bl =y t
dt+ x =y and p7e: +4dt+4y 28x + 16,

AR e
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4D+ DNx -y =0 : L(1.17.1)
—25x + (D? + 4D + 4)y = 16e* (1.17.2)
Multiplying eq. (1.17.1) by D2 + 4D + 4 and adding to eq. (1.17.2), we get
(D2—4D + D2 + 4D + ) x — 25y = 16

(D% - 8D — 9)x = 16
Auxiliary equation is,

m*—8n?-9=0

= (M2-N(mZ+D=0=m=xi,+3
CF=C e+ CheP + Cycost+Cysint

1

PI- —— 1 _(16eh)=-¢

D' -8D% -9
x=C,e% +Che? + Cycost+Cysint—et

(1 17.3)

@—30 —8C.e 3 4 C, ( ) C
dr - le o€ + Cg —sin £) + cost—e
d%x '
7 9C, &% + 9Ce 3 —Cycos ¢ — Cysint —et

d’x dx

Fromeq.(l.l%l),__ ¥ = e . + 4x

= 9C, e¥ + QC e 3 —C,cos ¢ — C,sin¢—¢
- 430, e3 —3Ce ¥ —Cysint + Cycost —ef)
+4(C, et 4 Cze_at +Cgcost +C, sint —ef)
= y=Ce¥ + 25Ce 3 +(3C,—4C ) cos £t + (4C,; + 3C P sint ~ef ...(1.17.4)
Eq. {1.17.3) and eq. (1.17.4) when taken together give the compiete
solution,

CONCEPT C]I_ITLINE

Second Order Linear Differential Equation : A differential

d” Y pEY DY , @y =R is known linear differential

dx

equation of second order, where P, § and R are functions of x alone.

equation of the form
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du _de

- £ de
Integration vields, U o= J-F e [ra [IRu e dx + Cl] dx + C,

where C, is an arbitrary constant of integration.

Method of Reduction of Order to Solve Second Order Linear

Differential Equation :

Let y = u be a part of the complementary function of the given
_differential equation :

jsz’ % +gy==R (D Hence the complete solution of eq. (1) is given by,
Where i is a function of x, then, we have . . ¥y =uv y j i
F . —{ Pdx Pdx
d1:+P@ +Qu=~R L2 i = y = uf?e [IRU.E dx+C1‘dx+C2u
dx dx ]
. Let y = uv, be the complete solution of eq. (1}, where v is a function of
i )
Differentiating y w.r.tx, _ L
dy _ ,dv, du '
dx T dx  dx
. o’y d?v du dv d*u
Again & " Ve Paxas Ve -
dy 2

. . dy
Substituting the values of y, and E{ in eq. (1}, we get,

dx .
d%v du dv du [ du du ]
gqu gv Plall 2 R
Ut o +u -+ udx+vdx + G uw) = 2d2 2dy Y
udzv+[2d—+Pu]dU+rdu+P%+QNJ =R (3x+2) dx? Bt )d_x-_ ¥ =6x:
dx? dx dx  \ex? dx v= . o2 dy
2 - Using 3x +2=¢%,(8x+ 22 %Y =9D(D — Dy and (3x + 202 = 3Dy,
d?v du dv dx? dx
7 @ +| 2 d_ +Pul— =R
x we get - . :
_d2”+[2@+p]ﬂ - B 9D(D — 1)y — 8Dy — 12y = 2(e"—
dx® u dx de  u (902 - 9D — 30D — 12)y = 2(e* — 2}
d o d LB . . The auxiliary equation is
av aewv 4ap 9mn?—-12m —12 = 0
Put el then, I T de . - .0
—2¥ m+ =] =
dp [2 dis ] R (m [ 3] !
- t| - —+P|P-_= '
Now eq. (3) becomes, dx % dx u ...(4) 9
Eq. (4), is a linear differential equation of first order in p and x. - m= 2,- 3
IF= o T _ E,uf‘*“ efra] PR L Therefore, the complementary function is
a N L. - —23
Solution of eq. (4) is given b)}; CF= Ce* +(C,e?
' Poax .
quQ'{Pd = J-:;!LQQ{ dx'PC.l and I,[: __—1—2(92_2)

z
“Where C| is an arbitrary con‘:tant of integration. 9"-_) --12D0 +12

(13
- _FP«")’[ fra :| =0l 1 =_o £ —
- i z? [Rue™ dxac, 9D*-12D-12  8D°-12D-12
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1 - 1 20 1
. = 2 e? — == 4=
9-12-12 0-0-12 -15 3
The solution is ¥y=CF+PI .
—2z -
- 1 2
= (e22 1 Che 3 +-——¢*
¥ 1227 + Cge +3 159

Using, z = log(3x + 2}, we get
~2log@x+2) |,

= 2log (Bx + 2) » a
¥ = Ce +C e S Ip——— |
1 2 3 15

log (3x+2)

= B2+ 2 +CyBx+ ¥ + 2 - Z(ga v 2)
C, aud C, are arbitrary constants of integration.
d__gy . 1dy 12logx

Solve -
dx? xdx | x%

Given equation may be written as

x? jijz,—l—x % =12logx .
or {I{D - 1)+ D}y = 122 (Let, z = log x)
D2y = 122 '
Auxiliary equation is, m? = 0
m=0,0
CF=(C,+C,2)e"=C +C,z
Pl= %122 = 12% z = 12%3 = 22°
Complete solution, y=CF+PI
y=C +C,z+22°

y =C, + C,log x + 2 (log x)*

Write the procedure for solving the linear differential

equation by changing the indepgndent variable.

sTer i

Let the given differential eguation is
d’y  pdy
P gy = .{1.20.1)
dx? N dx Qv =R (
Let the independent variable be changed from x to z and =z = flx)

dy _ dydz

dx dz dx

WS

!

e M A

- ATEEAT A BT

S O, P A TR L

g e T

1-22 F (Sem-2) Differential Equations

o d'y _ d(dy)_d(dyds)

dx®:  dx“dx) dx\Ndzdx
_ Ly(de)' dya's
T d2? Ndx dz dx?

Substituting the values of dy/dx and d%y/dx? in eq. (1.20.1), we have

2 32 2
(&) dy+[g+P£]%+Q,,=R

dx/ dx® dx? dx
d? dy
d;z’ + ﬂzy+qu =R, .(1.20.2)
. - dzz dz
_ +P =
Where, P = M,
e (dz [ dx)?

= dzrder (dz f dx)?
P, Q,, and B, are functions of x but may be expressed as functions of 2
by the given relation between z and x. _
Here, we choose = to make the coefficient of dy / dx zero, i.e.,
P =0 ' '
and
a2z dz
- i
. 2 4
or _ . d?z/dx® _ _ P
: dz /dx
Integrating, we get
dz
In—" = - | Pdx
dz

sl — [ Pux
dx €

Integrating again, we get
z=1e 1 drdy
Now, eq. (1.20.2) reduces to
2
(_éz_g + Qly = R]_
Which can be solved easily provided @, comes out to be a constant or a
constant multiplied by /22, Again if we choose z such that,

Q, - __ 9 . (Constant)

dx]
o [

Q
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dy

o . ' .
g+(35inx—cot x) pr +2yginfx=e" 5 gin?x

¥ +{3sinx —cotxly’ + 2y sin?x = e %% gin x -
Changing independent variable
z = flx}

dy _dyde d%y _ _(ﬂg} [dy]dz d?%z
dx dzdx’ dx® dx\dzdx/ dx dx  dx?

() () _ s
T dz \d=/ \dx/ \dx dx?
d?y (dz)z dy d?z
= —F| — + ———F
dz® “dx dz dx?
Now from given equation,

d*y(dz\?  d* : dy dz
dzgkd;] ’ §+(351nx—00tx}gzxax—'+2ysin2x=e—°"s"sin2x

{3 s5in x — cot x} dy dz

z
d_-;‘ d + - dx 25!11 xy_e—cosxsinzx
d=?  dx® [dz] [dz)z
dx dx
Ihiq can be written as
d y dy
it + P = 5 +@,y=~R,
2
d g + (3 sin x - cot x) oz
Where, p = 4 .
(&)
dx
2sin? x e ™ gin? x

= 1= =

Q= X :
Y (dz s dx)? (dz/ dx)®

i
t
L
3
4
'
L

1-24 F (Sem-2) Differential Equations

. 2 . dz
Choose @, =2,i.e., 2= 2sin” x [ﬁj = sin® x = a-—:sin x

=
[dsz- dx
dx !
Z=—COSX
d%z
27 =cosx
) . cos x + (3 sip x ~ cot x)sin x
Now, P1= —
_ sin® x
cosx+3sin2x-(:,.i£sinx
S1It X
= ) - =3
SI1T1™ X
1 sin? x
dy dy
3=+ 2y =e ¥
? Yar T
dy 39 g
-d_z2 +2y =€
Auxiliary equation ism?2+3m+2=0
m=—1,-2
CF =Cle? +Cype®
— ;éz — _1 - 4
. (D+2)(D+ 1) D +3D4+ 2
Put, D=-=_1
1 s
—] 78 _—
1+3+2 8

— +C e +eF=C g T

. Complete solution = CF + PI =,
. + C2 g—Fos X 4 o—COS =/6

e o R p el o

PART-4
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1-26 F (Sem-2} . ) Differential Ecjuations
How can we solve differential equatiqn by i'emoving ) ’ : -
the first derivative or converting in normal form ? or j !; +Xv=Y
' x
: .. Where X=Q—id—jp—l zl
A part of the complementary function is needed to find the complete 2dx - 4 : ---(1.22.3)
solution, it is not always possible to find an integral belonging to CF in and Y =Re va| Pdx J
such cases, we reduce the given equation to the form in which the term
containing the first derivative is absent. For this, we shall change the Eq. (1.22.3) may easily be integrated and is known as norma.l form of
dependent variable in the equation. eq. (1.22.1). .
d2y + P—-— T Qy=R (1.22.1) | Solve the following equation by reducing into normal
dx® " dx R form. ' :

By putting y = itv, where u is some function of x, so that
a° d
Y L ox Y L (x% 8y = ae-+2m,

d
d—i' = u%+v% d.':n:2
d’y d’v  ,dudv d’u ) OR
and dx? u dx? 25&: dx? Solve the follow:lng differential equation by reducing into nor:nal
On substituting dy / dx and d%y / dx? in terms of u and v in eq. (1.22.1), form :
we get L
o y"+2xy + (x2 - S)y‘-xez .
du]dv+[du+ @+Qh'JU - R
dx/dx  “dx® AN
dzv ( 2du]dv [1du P du ) _. diy dy e
P+ T =+ =R (1222 +2x %L (xr By = xt e
dx” wac) de \ud? T OV B ¢ ) dx® " dx
Let us choose © such that, ' diy dy
94 On comparison with, —5 + F + &y = R, we have
P+ 222 - 0q : _ dx dx ,
u dx : P=2x, Q=x-8 R=x%e™"?
%z_gu U—'_-E.;‘{Pd:: -1‘[2“&:9-‘?
du r We know that © is given by
™ - de diu . ]
e = o-1/2 WPux ’ a2 T Qu=R ..{1.23.1)
Now from eq. (1.22.2), we have z
,? Where, Q1=Q_l£_i:x2_8_l(2)_4i.
d%r [(1{ udP Pdu) Pdu 2 dx 4 2 4
Rl T il ) [ e N * A Y S Q =—9
de® |luN 2dx 2dx/ wudx 1
: - R x%e ™'
N RE IR C R R
* 7 LaP 1 S % On putting the value of @, and R, in eq. (1.23.1), we get
2 Fa 2
L. _ - pz = vz [Pz g
dx? +[Q 2dx 4 JU " . E"gﬂ‘—‘xz
; (D? - u = x*
4 Auxiliary equation, m? —-9=10
m =3
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CF=C193”+C’28‘3‘

1, 1[ D?)" . 1[’ Dzj .
= —— =—1-"— -
P_I D2—9x 9 9 x 9 1+ 9 x
PI = _1[x2+g]
9 9
. 1 2
Complete solution, u = CF + PI = C,e* + Ce™ — 9 [xz + 5)
It
Thus . y=uv=[Cz‘fsx"cz‘"’_sx—%(x“%ﬂe )

Usihg normal form, solve :
LY e (dx?_1)y = - 3" sin 2x
P=—dx,@=4x2_ 1, R=—3e" sin 2x

¥ = uv be the complete solution.
-3 - _ L2

=9 =&
14P P?
A R S
1 1.5
—dx®— 1 = (—4) - (16x%) =1
ax? — 1 2( )] 4{ x)
x2 x
Also, R = E:M — — 3sin 2%
i eI .
d%v .
Hence normal form is, Zx? +v=-—3sin2x

Auxiliary equation, m? + 1=0 = m ==i
CF=C cosx+C,sinx

1 -3
= — {(—3sin2¢)= ——— 2x
PI a1 { sin T sin
Pl = sin 2x
Complete solution, v = CF + PI =C, cos x + €, 5in x + sin 2x
Hence the complete solution of given differential equation is .

2 . .
¥y = uv =< (C, cos x + C, sin x + sin 2xv)

Differential Equations

1-28 F (Sem-2)

CONCEPT OUTLINE

Method of Variation of Parameters : By this method the general
solution is-obtained by varying the arbitrary constants of the
complementary function that is why the method is known as method
of variation of parameters.

Procedure : First find the complementary functlon of the given
differential equation.

d 2+ E:!gz +ey=X

Can T VYT

Letitisbhe CF = Ay, + By, (1)

So that ¥, and y, satisfy given differential equation let us assume
Pl=uy, +vy, ] L2y
Where © and v are given by :

o= J———_Xy2 dx

Nyz—y22
and : v= J'—,){yli' dx
. ' Yidz—YalXi
Putting « and v in eq. (2), we can find PI and then complete solution
y=CF+PI

: Apply method of variation of parameters to solve

—e°

et [ x = e?]

1D - 1) + 4D + 2)y
(D°+3D+2)y—e _
Auxiliary equation, m*+ 3m + 2=0=>m=-1,—-2
CF=C,e7+C,e"
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1 &

—_— e
D? +3D+2
(Using General method to find PD

PI =

1 &= [ 1 1 ]eez
= _7—2 — —_—
(D+1)(D+2) D+1 D+2
1 ee"_ 1 _éez
D+1 D+2
e—zj'ez eez dz_e—2zj822 eez dz
Let =t = edzs=dt ' |
e—z‘{et dt—e‘zz‘[te‘ dt = g—pt — &2 (et — &)

2

z z x
— - € & _ 2z &z
= g %% —e (e —e® )= Tet

Complete solution, y = CF + P}

- — —2z _e%
y=Cle?+Cre P +e e

y = Cl[%] +Cy [x%] +[%]ez

Using variation of parameters method, solve

2 d’y
dx?

x

dy
25 oy =
+ 2x ¥ 0

a Q. 1.25, Page 1-28F, Unit-1.
(Answer :y = C xg +Cy/xy)

Apply method of variation of parameters to find the

general solution of

d%x dx e
F_4E+3x 1+
R
T 142
ei
(D% —4D + 3 = —
l+re )
Auxiliary equation, m* —d4m + 3 =0
m=13

CF=C, e+, e¥

AT R S T R

EUmNe T e T R AT -
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t
e

Here, partof CF are u = ¢', v = ¢¥, Alse, B = 11 o
+e

Let x = Ae® + Be® be the comiplete solution of the given egquation where
A and B are suitable ction of £.
To determine A and B,we have

; ¢t 3t

_ Buo e e
juul —up 1 I(l +é')(3ett —e¥) !
. - 4e —t
& e
= =|— -dt+C, = - | ——— dt
I 21 + e)e* ! TR
- %1;.(3"*+1)+Cl
Y ury — gy
eg e;' e2r :
I(1+.e‘)(3.<z‘“-e‘“) 2 .'[2(1+e£)e‘“ E
1 e—Zt . 1 e—3!
= e[ dt+Cy =~ [ dt+C
ZI(1+e‘)- 2 2I(e“‘+1) 2

= —--‘lz(e—‘ +. 1) u%lp(e—‘+ n+C,

Hence the complete solution is

x= [% In(e™ + 1+ 01]‘3‘ +[— i— et +1P Ine + D+ + 1D+ Czj]ea‘

differential equation :

dzy dy 3x
P —G-d—x'l- 9y = e

d?y dy [ 3%
IxZ ﬁdx+9y = x3J
Auxiliary equation, '
m?>—6m+9=20
{m—581¥=0
m=3,3
So, _ CF = (C, + Cyr)e®
Here # = 3 and v = x €®* are two parts of CF
eSx
AISO, R= 3
T %
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Let the complete selution be
y = Ae¥ y Bxe®
To determine the values of A and B, we have
A= I—— _H_@—— dx + C,
ay .
() e
A= [mope— e ————dx+ C
"- 23 (¢ +8x &) — x”* 8> !

A= _jldx-C
x .
A=-logx+0C;
Ru T
B= [ ———dx+C,
: Ly, — LU
B= ,_———i—————dx+c
Is‘ (5" + 8x &%) — 3e°* xé® 2

1
B = j?dx+cg

1
B= ——= CQ
x
Hence the complete solution is

y = (~logax +C) e¥ & (-_-_];_‘_CzJ x>
x

y‘e@’é.@‘éi&}; 51

dnﬂ'erent.nal equation x2y" + xy -y = x%e*.

' Y
Here, R ="

Consider the equation y" + Yo ;:—’_; = 0 for finding parts of CF
X

Put x =e® so thatz = logx
So, [D(D—1)+D—1]y:0
(D2 1)y =0

Use variation of parameters method to solve the

.(1.29.1)

..(1.29.23

.(1.29.3)

s
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Differential Equat.ioﬂs

Auxiliary equation, m2—1=0=>m =2z 1

Hence parts of CF are x and 1
- a

Let u=xandvs=

W |

Lat y = Ax + B be the complete solution, where 4 and B are

x
su_ltable functlons of x. A and B are determined as follows :

A=-_[~—~———dx+C
uv, — uv
|
e i
G
Xy —7 -1 =
x x
L 1
e =
= ——j- X gy +C ==& +C
()
and B= | Ru dx+Cy = | ax dx + C,

ww e LT
B x? x

= J?“i:_;‘_dx +C.2' :"-*—%sze" dx+ C,
L—x) .

some

= -%[.ﬁ e* -—I?xe’ dx]a—Cz"—'_%[-’fZ_2(1_1)9}("*02

- ~—%.1c_2-e’r +{x-1e" C,

Hence the complete solution is given by

B 1 . "1 . . 1
¥y = Ax+;=[§-e +C1]x+[_§x2e +{x~1)e +C2};
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CONCEPT QUTLINE
Cauchy-Euler Equation: An équation of the form
dn, dn—l n-2 d
x* E?'} + a;x"! dx—"i +a,x? an_j; Feveeeen + an__lxgi +a,y =q

Where a’s are constants and @ is a function of x, called Cauchy’s

homogeneous linear equation. Such equations ean be reduced to linear

differential equations with constant coefficients by the substitution
x=¢e or z=logx

2z
Solve : x2 % + x % + 3 = (log &) sin (log x).

x2 ¥ + xy' + y = (log x) sin (log x)
This is the Cauchy Euler equation. )
Put x = ¢, ¢ =logx, 22 y" = DD — 1)y, and we get xy’ = Dy -
DWD-+D+1ly =¢tsint '
[D2-D+D+1ly=¢sint
(D2 4+ 1)y =tsint
Auxiliary equation, m2 + 1=0, m=+1
CF=0Ccost+C,sint

Pl= ——1— fsint
D% +1
- 1 o

= Imaginary part of — e®sint

D% 41

Fut D=D+1,

) 1
=1 i art of e ——— 35—~ sin¢
maginary part of ¢ "7 g 7 sin

1
D> 1+2Di+1

zin £

Imaginary part of e

Imaginary part of e sin ¢

D?+2Di

Put DZ=_1,
: : 1 .
= Imaginary part of 2" oD .1 Sint
. . 2Di+1 !
Imaginary part of & @Dhi+D (@D D Sin £

(2D +1
Imaginary part of e% ﬁ sin ¢

Imaginary part of e (L—h|—32_DL) sin ¢

il

_;: (sin? ¢t — 2 cos2{)

1 .
PI = 3 {sin%¢—2 cos®t)

Complete solution, ¥y = CF + PI=C, cos ¢ + C, sint + % (sin2f—2 cos? )

Where, t=logx

y= , cos (log x) + C,, sin (log x) + % tsin? (log x) — 2 cos? (log x)]

CONCEPT OUTLINE

Imaginary part of % (cost+isint)(sint —2i cost)

Differential Equations

>

Frobenius Method : Following are the steps of solving differential
equation with the help of frobenius method :

1. Assumey=ga,x_+ax™'+ax™%+. .. ) (1)

dy d’y
dx’ dx®
3. Equate to zero the coefficient of lowest power of x. This gives a

quadratic eguation in re which is known as the Indicial equation.

4. Egquate to zero, the coefficients of other powersofx to find ¢, a,,
a,, ... in terms of .

5. Substitute the values of 2, a,, @, ... in eq. (1) to get the series
solution of the given equation having a, as arbitrary constant.
Obviously, this is not the complete solution of given eguation
since the complete solution must have two independent arbitrary
constants. .

2. Substitute from eq. {1} fory, in given equation
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Find the series solution of the following differential

equation.

20(1 —x)y” + {1 ~x)y' + 3y =0 o _(13LD
Dividing eq. (1.31.1) by 2x(1 — x), we get .
- 1 r 3 .
+ — + =
Y Y g Y =0 .{1.31.2) |

Comparing eq. {1.31.2) with »” + P(x} y' + Q(x) ¥ = 0, we get

1 3
P = —— = —
(x) o and @(x) 22— )

Here P(x) and Q(x) both are non-analytic at x = 0. But xP(x) = -;- and

2@ x) = s are analytic therefore x = 0 is a regular singular point.
Let the solution of the given differential equation is
= i akxm+k |
E=0
y'= ﬁ) alm + kxm i1

w

=2 am+B)(m +k— Dxm k-2

k=0
Putting all these values in given differential equation and collecting the
like terms, we get

Z a,(m + k+1X—2m - 2k+3)x™HF 4 Z ay{m + k) 2m+2k — 1)x™ -2 _q
k=0 E=0
L 11.31.3)
Equating the coefficient of lowest degree term x™ -2 to zero.
am2m~1)=10
a =0

1-36 F (Sem-2) Differential Equations

»

1

m =0, =
2

Roots are different and not differing by an 1nteger ’I‘he general term is
obtained by replacing % by £ + 1 in second summation of eq. (1. 31 3).
a, m+k+1D{-2m— oh+3)+a, (m+k +1)(2m+2k+1)

—(m+ E+1X2m— Sk + 3)

U= mak s D@m ot 2k+ D
2m+2k -3
Thos, %™ Grzkrl
Putting 2 =0,1, 2.........
: : _ 2m—3_a
DT oma1 0
o = 2m - l)a
2= (2m+3) 1
_ (2m+1)
= @m+b) 2
_ @med)
s T (2m+7) 3
_ {2m+5)a
%= Bmaey
1 3 1
Atm =0, a, =—3a,d,=0,0a, =ga » U, 350 . Gy Ea“
Yy =Yg =X (Gt @, X+ @y X0 ax’ +a, Jjasa: .

x0a0(1—3x+x2+—;—xs+§3§x‘+2—11x5+..,.)

[} _3x+£c_+ i 3 ix"’+ix5+...‘..]

o= e 13 35 5.7 79
Atm=12a, = -a,a,=0ha, =0,q,=C,=@;=iiccveno-. 0
¥y = (y}m-_-l;g —-thg ao(l_x+0 ...... }

¥, = \/x_ao{l—x)

General solution is ¥ = Ay + By,

3 2,8 s 3 4, 3 ]
= = = x4 J+BJx(1-20
4 A[l N BT S b r7e*

Solve in series : 222" +x (2x + 1) y' —y = 0.

222 4" rx(2x + 1)y -y =0 ..{1.32.1)
x = 0 is a regular singular point. :
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[~a]
Let,_ _ y = Z ay mez
. k=0
- Zak(m + B} xmrel

Zak(m + R a2 (m o+ k=D
Putting the value ofy, ¥ and_y" in eq. (1.32.1), we get

ZZQk(m+ Bm+k-1)xm™* 42 Zak{m+k} TR

k=0 k=0

_f +z a, (m+ k)x"™" - Za* ™t g

* 2Zak(m+k)x"”’”l+Za, [+ k) {2+ 2k -2+1)- 1) =0
pr _

d 2 Y am+ B 3 0 m+ h—1(2m+ 2k + Dx™* =0

k=0 k=)

i

1

1 Eguating the lowest degree term to zero by puttmg & = 0 in second

l@ summation, .

v an{m—l)(2m+1)=0

i a,= O

i

\ moe=1, - ;—

! Roots are different and their difference is not an integer.
|
: _ -1

Thus, ¥ __ Cl(y)m=1 + C?.(y)m = ?

3

- Equating the general terms,
20, (m+R)+ap,  im+RBYCm+2k+3)=0

—2&&
@2m+ 2k +3)

Cpe1 =

Putting2=0,1,2, ...

- 2a,
17 9ma+3
_  —2a
a,= =21
(2m + 5)
a;= —— _T2ay and so on
: (2m + 7

of (1 —x?)y" ~xy' +4y =0

Differential Equations
1
Atm=1, Atm:'_Es
-2 -2
ay= % a= S =—q,
_:E(;zﬁ]_i}_ —_—2(—a)——
%= 7 U5 /735 92T g T
a —_21_];8% a_ﬁﬁ);%
37 9 \35/ " 5719 37 6 V2) 7 6
_ 16a, _ ﬁ[ﬁjzfo_
%= 5941 R RN 7!
4 "8 16.
Thus, y=C,xa, {1—gx_+£ 2 “579 x3+—~—5.7‘9‘11 x* ]
o 1., 1 1
+CoxVig [1—x+§x2—5x3+ax4 }

{1 — 2w —-xy + dy
+1

=0
Let =
82—t — (1 — 1)y' 4y =0 ,..(1.33.1)
Dividing eq. (1.33.1) by t(2 —t), we get
it R 4 =0 ' -(1.33.2)

T2 Twzn”
Coraparing eq. {1.33.2) withy" + P &) »' + @)y =0

—({t-1) 4
PHy=s ——and Q&) =
@ = (2 —¢) Q H2-t)
¢t = 0is a singular point for the given differential equation.
Let, y = 2.a,t™** is asolution
k=0

¥ = D aim+ B
Y= Y atnt ) im o+ kDR

1

Fromeq. (1.33.1),

H2—1) 2 am+ R m+k -1+ * -2 _ (1) Y alm+ k) em+k-1
+4Y a k=0

22 alm+R)(m+k -1t 51 S g (m+ kY (m+k—1pmck
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- Y am+ k)R > am+R) g™ 51 +4y gt 4 =0
Sam+k@m+ 2k -2+ Dol Siaim + B m + ) -4t =0
Sa,im + kY (2m + 2k =127+ — Y aGn+ k4 2) {m+k—-2}t’("1+;3=3(;

Putting k = 0 in lowest degree term, =1
a,m(Zm—1) =0
a, =0
m =0, 1/2

Puttlng k=% + 1in first summation and k = % in seécond summation of

eq. (1.33.3)
gy i+ R+ 1)(2m+2k+1)—ak(m+k+2)(m+k 2)=
{m+k+2)im+4&k-2)

P T (m+k+1D2m+2k+1) *

Putting 3

=0,1,2,3, ...
{m+ 2} (m — 2) _ {m+3{m -1 T {m+ 4)m
1T o 1y Ber %2 T - Qg = e — - Oy
o m+ 1 2m + 1) (m+ 2Y(2m + 3) : {m +3Y(2m-+ b
At m=0, . Atm = 1/2, :
~4 __ b
a, = Ta0=—4ao . a,-——i. a,
- -3 7 _
a2=?a1:2a0 az—ﬁao
_ 3
a;=0 ay = _—128 [ .
’ Th‘J.S, l(y)nl D+(2.(y)m 1/2

c[ger

Ao

ml—k
= Cl LJ&Z:BG;( \ m=£
2

1 2 & 3 1
=C lag+at+ag®+a®+ .1+ C, |:aﬂ(£)2 + ey (E)F + @, ()% + a0 + . E
=C, lay + (~4ay) (1 + x) + 2a, (1 + x)* + 0} +
. C, [%(l+ x ey (_Tsj (1+x)¥ + ?',j?. a, (1+ x)%* +%a‘) A+ xyY® :‘
= Cyay (1 -4 —4x + 2 + 2% + 4x] + Cyay (1 +x)¥2

Ll 4(1+x)+§7 (1+x)2+1—38—(1+x)3

= C).“'o [1+2x2] 4+ Cya, (1 + x )2

I....:_'I__I

|:1— i(l+x)+3—72—(1+x)3+~ig—8(l+x)3+

‘140 F (Sem-2)

Differential Equations

Find the Frobenius series solution of the following

differential equation about x = 0.

22" + Tx(x+ 1)y -8y =0.

2x% y" + Txix + Dy —3y=0 L1341
.x = 0is a regular singular point.

Let, y = z a, x™*

Z(xk(m + k) xmr

ka

Zak(m + B ™ (mo+ B-1)
Puttmg the value of y, y and ¥" in eq. {1.34.1), we have
2x% Za,, (m+R)Ym+k—1)x"*2 4 75" Zak(m +k) xR

&=0 A=0

+7x2ak(m +R)x™* — 33 a, xm =0
k=0

Zak(m+k) 2m+2k— 2+7)x"‘+k—~32r1,,x * 47> d(m+ k)™ =0

=0 k-0
S m+ B (2m + 2k + 5) 2™ —32 ax™* + 7Y g (m+ B)x" =0
k=0 R0 k=0

Equating the lowest degree term to zero by putting & = 0 in first
summation,
a,m(2m +5)~3=0
ag =0
Zmi+bm—-3=0
m=-3, 1

Roots are different and their difference is not an integer,
Thus, y=CW, s+ Oy, i
Equating the general terms,
G m+2+DCm+26+2+5)3l+7a,(im+k)=
Gy, = = Ta,(m+ k)
1 m+ k+ 1@m+ 2k + 7) - 3]
Putting2=0,1, 2, ...
. = —Tagm ~
Voo ln+ D (2m+ 7) - 3]
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o - ~Tay {m+1)
27 [(m+2)(2m +9)-3]
49 ay m (n +1)

= Km+ D @2m+7) - 3liGm+ 2)(2m + 9)— 8 . .
. ~Ta, (m+ 2) Multivariable
27 [(m+3)(2m+11) - 3] _
o 8486y m(m+1)0m +2) Calculus-II
- (m+DEm+ D=3 (n+-2)2m+ -3 +33(2m +11)-3)
At m = %, Atm=-—3,
@1 % *1= —2510:0
a —-Ta,x{(3/2) 49gq, a ___-—7(11X(—2)=4900
27 5/2yx10-3] 264 2T (-px3-31 5

W Tayx6/2) __1215a

3T [ 7/2)%x12-3° 20592

Thus, ' ¥ = C st Cof

y=Clagx3x%+a, x 3 xl +a,x3x2+a; x 3 2% ]

+C, lag x2x%+a; x2xl + ay xV2 22 + @, x V222 )
Cpag x7° [1—.%9: + 459 xZ +}

v Cyay xlzz[l_if+ﬂ_x2_._1_zi§_x3_ ]

18 264 20592

Find the series solution by Forbenius method for the

differential equation {1 —x%)y” -~ 2xy' + 20y =0

ag=0

e
|

Same as Q. 1.33, Page 1-38F, Unit-1.

Answer:y =[A + Blog (x + 1)][1 —10¢ + 4—25~(x + 1% 4 (_23_5 (x 41 + D

OO

2-1 F (Sem-2)
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CONCEPT OUTLINE

Improper Integrals : By definition of a regular (or proper) definite

. . .
integral J Fix)dx, it 1z assumed that the limits of integration are

finite and that the integrand f{x) is continuous for every value of x in
the interval a < x < b. If at least one of these conditions is violated,

. then the integral is known as an improper integral {or singular or
generalized or infinite integral). )

1

_{ 2™ 711 —x)*'dx is called

Beta Function : The definite integral
. - o

the Beta function, where m and n are positive., Beta function is
denoted by B{s:, n). Thus

1 -
BOm,ny= | x A -xytdx
a
Property 1l :pi (m, rn)=§ (n, m)
Property 2 : Transformation of Beta function is

P m-1
=

Blm,n)= _l GRS
Gamma Function : Gamma function for a positive number n is
denoted by {5, and is given by

[n = I e x" 'dx,n >0
0 f

(1 + x%)
1+ x)°

._ Evaluate I
[

Mathematics - 11 2 3F (Sem-2)

o 4 i - »
J‘ x (1"'3::) - _[ x'dx +_f x7
v (+x) 2 1+ xy® (1+ x)®
]‘.’ 31 = 10-1

x
D @ & G ges
= 8 (5, 10} + B (10, 5) _
=255, 10 [ B On, ) =B (n, m)

To prove m+1= rln .

We know that - In =

I e x"ldx
] 0
In+ 1 = I e xu-kl—ldx :_J- i xndx
. [ [
Integrating by parts,

J?‘?i—_lz [—x’.' e“'J: _T nx”l (—E_Ide

[}

F’L+—1=n[;

Prove that §§ (m, n) = Bn+1L,n)+8 Gun,n + 1),

RHS=B{m + 1,2 +B (mm, n + 1)

1 .
x™* 1-1 (1 _x)n—l dx _'__I =1 (1 - x)rn—l.—-ldx
0

1
!

_ I X7 (1 ) dx‘f--[ an -1 (1-—x)dx
o
: o
.[ I —x) k1 - x) dx = B (m, n)
o

Find the value of.g.
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l _ T e x V2 dx
27 % 1
Let, x = yg. Left, x =
' = .1 T+y
dx=2ydy=_[ e’ —2ydy 1
0 ¥ dx = ———dy
_ _ A+ )
1_ofevay .(2.4.1) N e
o B(m,n)=_f[ ) [ y)[ 2)dy
f = » Ny l1+y (L+y)
Similarly, = 2] e ay - (24.2) [
' a =] g, e ey
Multiplying eq. (2.4.1) and eq. (2.4.2}, we get o A+
{ 1\12 ? (x4 y2) f y T yn_] : : .
1. a7 d = | Ay +| - dy (251
leJ 1] e ey I avm | aigr @50
Now in the second integral,
nf2 - 1
-[Bt, ¥y = =
@ 4
1
r dy = = [e it
z
(1) a-1
= n-1 a "
) [ 2 dy= i Nt [—l] dt
14 3™ mtn 2
o o (d+y) 1 (1 + l] ¢
z
Changing this integral to polar coordinate by putting x = r ¢os 9, _ j' ¢! di = j‘ _ oy dy
y =rsin 6 and dx dy = r dr d6. o . 5 A+ (L4 y)™e
Region of integration is the complete positive quadrant r will vary From eq. (2.5.1),
from O to o= and 8 from O to w/2. . oo L yrei L mel et
2 Wz w Blm,n)= | ———dy+| ————dy = =—=__
‘[E] =af Je'rarde z{ A+ ! L+ ) :! (T+xy"
2 L) 0 :
i { Prove that : f(m, n) = -_iL,m:-O,n:O.
{(m + )

o f e [T o

( ' 1Y
Uz) ]
1 We know that, [n = k"_f e™ x" ' dx
—é = \/; 1] )
™ il Replacing k by z, n = =° j e™ x" 1 dx
Ly

Jl-x + X

To prove that §§ (m, ) = I Tas )

Multiplying both sides by e 2z™ -1,
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o
m e® zm—l = J' zn+m—1 e—z(l+x)xn—1 dx

e
Integrating both sides w.r.t z from O to o=,

oo = =
i;j ez ldz = J' x™! {j g R gminst dz} dx
[ o °

Let, z(1+x)=y»
de = 2
1+x
=3 o m+na-—1
_ r-1 o A A—— | dx
E m = _{[ x _([ e A+ Y
P f d }d
= . I+ y adx
lnlm _! (1+x)m+n{,l[e 4
- . . - s
= |m+n_‘[ (1+x)m+n
g - Tnlm=Im+nr Bim, n) .
mlin
Thus, B(ms n) = i
m+in .

Evaluate : I: cos x* dx

We know that b
“leosbx dx = M where 0 = tan‘l.[_]

ID e—ax x @ b a
= [n nn
a-1 —_
Pat a=0, on cos bx dx _3:(;05-—2
, U “ !
Also puiting x* =z s0 that x~ *dx = — andx =z
- 1in _ nin cos 1T
ID cos bz. dz = b Y
= n (n + 1) nit
or Io cos (bx™)dx = o cos —

_Hereb:l,ﬂ:liz

= 2 g no_Nn 1 1=
_[O cos x° dx = !(3/2)*:05-4 BRCENG PR
‘P+.1 g+l
nf2 2 2

Prove that j' gin”@cos0db =1 = .
0 o P+ e+ 2
2

Multivariable Calculus - 11

Mathematics - 11

2-7F (S8em-2)

1
We know that B(m, n}= [ x*' (1~ 2" dx
[i]
Putting x =sin®6
dx = 2 sin 8 cos GdB
/2
J’ 2sin?™1g cos?" " @ 5in 0 cos § dO

w2

B(m, n) = z; sin’" "0 cos™"” Lo do

Tmln

m+tn

I;E /2
- 2 sin"”’“lecos’"“ﬂdﬁ (e, n)—
imin :[ ' P
Let, 2m—1=pand2n——1=q,m=p+1/2,H=Q+1/2
" p+llg+1 s : '
2 2 _- 2| sin”0cos? 6d6
'p+'q+2.' C .
2
" o tp+lig+l =~
J sin®@cos? 6 do= 2 2
o . _2‘p+q+2

State and prove the duplication formula.

A Duplication Formula :
1 Jr
E .+ E = 22'" 1
B. Proof: We know that

i2rm , where m is positive.

w2

Bin, ny= 2 I sin®*™ 10 cos*™ 1 0 40
1]

EE i = 2m-1 Zn -1
m: J. 51 Bcos®™ 't Bdo
Let, on—-1=0
n=1/2

Now from eq. (2.9.1)

nik G;'T_
| sin* teqe= 2
Q

21rn+1
2

L322

2

LL(2.9.1
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Again in eq. (2,9.1), let n =m

[m

22

Let, 29
246

i

nn

i

() -

Aom
From eq. {2.9.2) and eq.

il

dry
2
1

r] -
. mm+2
e

Prove that I
O

w2

1]
LI
.
e I

L] i w2

.[ (sin® cos@)*" db = _[ {gin 20)*"7* 48
. o

22m—1
4
dé
1 T : - dq} 1 T T |
——— | (sinpP™ ' == =——| sin ¢ d¢
22m--1_£ ¢' o 22 !

wf
2 [ sin*ode )
° [Using property of definite integrall

ni2

J‘ sin®' 9 d8 ..{2.9.3)

a
(2.9.3),

(i) 2
T 2om

o
22'“}_

o do < .
i::;.n(:'!dEi_.\fE

ni2
[ Jtano do - | tan[%~9] de
[1] [1]

iz
! cot & 406

L1}

[ _Tf(x) dx = i(a -x) de

Y
E—+1 —%+1
cosV20 sin 26 de = 2 2

‘3 3 ., 1 _1
_lalg 115, 12 T 2
21  2i4l” 4 2Sin% V2

Mathematics - IT 2-9F (S:em-2)

_dx

Using Beta and Gamrmma functions, evaluate I

1+t

_fa
01+x4
Let, x%=tan O
Qxdx—-seczede
dx = sec Bde' 1 a0

2\/13311 8 2./sinBcos®? e

dx = 1 s5in Y% @ cos%0 b

alZ, . .z —3/2
I= 1sin 9;05 edﬁ
D 2 sec“ B
1 n/2
== J- sin "2 geos? 6 4o
2 0
I /2 P)Tf g+1
_f sin® 6 cosq6d9=—~——2____22
iy 2|P+Q'+
13
7= llaja 1118
2 21 414‘4
1 n m T . —i—l—n
T4 %_Zd = 1= 2.2 [ s1n AT jl
Sﬂlz

Using Beta and Gamma function, evaluate

Same as Q. 2.11, Page 2-9F, Unit-2.

Ly _1ValBre)
[Answer. I-—S-WJ
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For the Gamma function, show that

2Zx=
3

= 2x2) 2
2)"s | 2
(2) 3

[ By Duplication formuta, m 'Vm+ % = ?{'—2__7 |2m] -

foo | -
+
S
Ey

ﬂ

- J;[" (2)1&‘/; =RHS

=3

1 E

CONCEPT OUTLINE

Dirichlet’s Integral : Dirichlet’s integral is given as,
[m
J’I X1 ym—l o dy — _]—l m at'm
B l+m+1
Where I is the domain x20,y 20 andx +y = a.
Dirichlet’s Integral for Three Variables :

1 metn- [1lm[n
ff oy L

Where D is the domain x20,y20,z220 andx+y+z <1,

Mathematics - I1 2-11F (Sem-2)

State axd prove Dirichlet’s integral for two variables.

Dirichlet’s Integral for Two Variables : The Dirichlet’s integral
for two variables is given by,

H‘xf-x ym—l ‘dx dy ﬁ rm— f+m

1 T ll+m+1
Where Disthe domainx >0, y>20andx+y<a
B. Proof: Let, x=aX
y=aY

Therefore, given integral becomes ﬂ (@X ¥ {aV)""' a® dX dY
r
Where [’ isthe domain and X >0, Y2 0and X + Y =1

- a!+m -H' X{—l Ym—l dX dY
Fig
1 i-= ' 1 ym =X
- ahmj' J’ XI—]. Y™ X dY = a1’+m I X{—l Ii_'_} dax
3 0 ° mo|

i
o't

X Q- XydX
m

i
= L

I+m lem

1
= [ X A-X) X = S B m D)
° e

T

o Uil .. lilm

=«
m l+m+1 H+m+1

State and prove Dirichlet’s integral for three variables.

A. Dirichlet’s Integral for Three Variables :

[Ilmin

i-1 m-1_n-1 _
I-ij YT de dy de = I+m+n+1

Where Disthe domain x20,y>0,z20 and x+y+z=<1

B. Proof: x+y+zxs1l
y+z<1l—-x=aet)
1 1-x 1-x-y

Therefore given integral becomes I I x'1
o 13 q

¥ 'z dz dy dx
= j’ = F T ¥y 2" de ddex
(1] 11} o
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region bounded by x%2 + % + 22 < 1.

i
= j'x"l——r;r; — " dx
s m+n+1l

i

g]}—l ¢ i1 s l=1
e f R R

Imln
= mﬁ(l,m+n+1)
[mln  {llm+n+1 {tlm[n

[m+n+1 T+m+n+l H+m+n+1

Evaluate _[H (ax® + by? + ez®) dx dy dz where V is the
v

J'H (ax2 + by? + ce2® de dy dz, Where V=x2 +y2 1221

¥
Let,x2=u,3? =v,2%2=w
x=u, y=Jv, z=Jw
1 1 1
And dy = —=, dy= , dz= ———
’ ode’ P T eln FT odw

=[JJ’ (au + bv + cw) ﬁ du do dw, where V' = u+ v +w <1
4&]’% V2 5= V2 4= 12 dy dv dw + gm u V2 pV2 4 V2 gy do duw

" %HJ’ w— V2 M2 V2 dy dy dw
— e ffut et et d do dw ¢ SI[fut ot ™! du av dw

Sl

1.y 2o
L bt du doe dw

G oEGE.LERE GEE
_a__l2]212 é22_£222=222(u+b+c)
813 1,1 , 8 F 8 |7 82

st a2 2 2 2
_1 i/ (a+b+0)=— (@+b+¢)
2g531 o - 80

222

Mafhenlatics -II
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a negative integer or zero.

Prove that: v [(2r) = 22=-1 m{(n+

-;—] » Wheren is not

P+1q+1 L
We know that -2 12 _ J.SinPBcos"Od_B
2(£+q+ o
2
Let,q=p
p+rlip+1
2 2 .
- = (sin A cos BW do
Zp+1 ;|,‘
i
——_[ (sin 28) Jd6
Let, 20 =1¢
1 i i(p; loz
- » 1 _ 1
= 2p+1 Ism ¢t Imn"tdx = 5 2p+-2
__ 2
p+il|lp+1 E__]F_
2 | 2 =L‘ 2 |2
2ip+1 2° 5 +2
2
p+1
2 _ 1 V=n
p+1 2 \p+2
Let, p+1 =nr Or pzzn_l
In 1 Jx
2n — 2% 720 +1
2
or JE|2_n,—.22”—1fn‘n+l
2

region in the first octant of the ellipsoid x_ + BE +—2
el

density at any point p(x, ¥, 2) = kxy=z.

Find the volume and the mass contained in the solid

2 yz 22

= 1, if the
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I2 yz zz _
_ Let, —2”3 b2=0,;-,:—w
D dx = a? du
a die
dx nd
2 Ju
bd

Slmllarly, dy = 2 \/ﬂ
¢ dw
gz = —
2Jw

Required volume,

V= 8_'-” Sj::bjw — —dudvdw

Where IV is the regmnwhenuZO,vZO,wZO'andu +vt+w=1

8%]” u? v w¥ du dvdw
fx

i

8%”‘[ u¥t 47 ¥ du dv dw
h&

Using Dirichlet’s integral,’

rr}_- abc (\/_—)
8 l 8 3 1

= % x abe cubic unit

Mass = Volume x Density = jﬂ kxyz dx dy dz
o

b
Similarly, y = adv anddy = —=dv
imilarly, ¥ 2‘/;

z= e anddz = 2—;~Edw

Mathematics - II _ ' ' 2 15 F (Sem-2)

Mass = _[H abe u¥ v % w¥ b adu bl ew du dv dw

k a®bie? j _[

= 1 v° o’ du dv dw

Where D' is the domain,
uz0,v>20,w20, n+v+w =1

1,.

ka®bic? FUERSY kd%? 2
8 Mr1+1+1~ 48

fthe mass of a sohd( ) (y) (u) ‘= 1, the

density at any point being p = kx’1y™lx™l, where x, 3, z are all

pésitive.

Let us take
x Y’ x 1/ 1
Z) 2w oor = =u¥? orx=abu'?
(ab] ab
7
[%] = v oorL=vVory=5b"9
zY" 2
(— = wor==w"" or z=cw
c ¢
1
Now dx=a—bu[‘° ]du
p
1_4)
1.3
dy=év('? ? dw
g

1 1
Volume = [f] dxdydz = ]| -‘;ﬁu[?’" l]dugu[? ]}gw[i )dw dv

1. 1
= III%:: u(‘; lj U(q 1) w(’l' ) 1) dit duo dw
Mass = Volume x Density
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i

m ab’c ['31,'“] [%-“1] wG‘ ) Fali -1 y(m—l) 27V Judwdo
pgr .

I

P RN RN

par

u[g;_l] pon- b v[ﬂq__l] &y w[Er;l) du dv dw

={ff % u[i_ 1] U[;} - 1) w[% ‘lj Rab) -V

pim —11 glr-l) g (e~ Up) gmin = Vo) yynfr— 10 oy ofp div

1 1 1_
__H'J- ka' b(£+m “Dgn u(}‘l) v[q ] w(’ 1] du dv dw

=ka b””‘{ c” l—q

(By usipg Dirichlet’s integral unit)
bqr Il/p+m/q+n/r+1

Find the volume of the solid bounded by the co-ordinate

the surf: A A z =1

planes and the surface ‘ia ‘/b ,||c .

Put 1/3:_ =u,-‘||% -—-v,\’i —wthenuz=0,v20,w>0and u+v +w=
a c .

1
Also, dx = 2au du, dy = 2bv dv, dz = 2ew dw.

Regquired volume = H_[dx dy dz
Iy

= ”ISabcuvwdudvdw,whereu+v+w=1
b

=8 abcﬁjuz‘l vt w? du dv dw
D

[2fz(2 1.1.1  abe
abe = Bahe. —= - = ——
=8 [@+2+2+1) f7 90

Find the mass of a plate which is formed by the

z iy xl s
coordinate planes and the plane — + YeZ o 1, the density is given

R
&
)

by P = kxy=z.

Mathernatics - I 2-17 F (Sem-2)

Same as Q. 2.18, Page 2—-13F, Unit-2.
kazbzcz J

An H M =
{ swer 790

CONCEPT OUTLINE

Surface of the Solid of Revolution : The curved surface of the
solid generated by the revolution, about the x-axis, of the area bounded
by the curve y = fix), the x-axis and the ordinates » = «a,
x=bis

x=h

j’ 2x y ds
Where g is the length of the arc of the curve measured from a ﬁxed
point on it to any point (x, ¥).
Three Practical Forms of Surface Formula :

i. Surface Formula for Cartesian Equation : The curved
surface of the solid generated by the revolution about the
x-axis, of the area bounded by the curve y = Ax), the x-axis and
the ordinatesx=a,x=b is

. 2
I 2n Y e a{x whereEzi = 1+(_d_y_)
=0 d‘x d\x
ii. Surface Forlnu.la for Parametric Equation ; The curved
surface of the solid generated by the revolution about the
x-axis, of the area bounded by the curve x = A2), y = $(£), the
x-axis and the ordinates at the poirit, where t = a, t = b is

ds ds _ {(dxN (dyY
J. 2n Y I dt where — p [:i?] + [Ex—
iii. Surface Formu]a for Polar Equation : The curved surface
of the solid generated by the revolution, about the initial line,
of the area bounded by the curve r = £ {8} and the radii vectors

O=q,0=pis

B 2
fz:r ¥ % d8, where —j—z = Jr¥+ (CK)

and vy = rsin 8.

H=cx
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Multivariable Calculus - II

1

Revolution about y-axis : The curved surface of the solid generated
by the revoelution about the y-axis of the area bounded by the curve
x = fly), the y-axis and the abscissay =a,y =b is

»=t
J 2nx ds
5
Volume between Two Solids : The volume of the solid generated
by the revolution about the x-axis, of the arc bounded by the curves
y = fAlx), ¥ = ¢(x), and the ordinates x = a,x = b is

. f:t(yi’—yi)dx

Where y, is the %’ of the upper curve and y, that of the lewer curve.
Volume Formula for Parametric Equations :
i The volume of the solid generated by the revolution about the

x-axis, of the area bounded by the curve x = fl¢), ¥ = §(¢), the
x-axis and the ordinates, wheret =a, f = b is : :

jny —dt

ii. 'Thewvolume ofthe solid generated by the revolution about the
y-axis, of the srea bounded by the curves x = Af), v = §(f), the
y-axis and the abscissa at the points, wheret=a,t=bis :

- b
J-'.'sz @ 4
, c dt
Volume Formulae for Polar Cuarves ;: The volume of the solid
generated by the revolution of the area bounded by the curves
r = fiB), and the radii vectors 9=a, 6=

i. Abeut the initial Yine OX {§ = 0} is I% ar®sin B 4O
Y. $2_
i About the line OY |9=5 131' 5 cos 9.do

B
iii. About any line QX" {8=1v) is f% #wr? sin (B — v) 20

1

Y
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Find the area of the surface formed by the revolution of

the parabola y* = 4ax about the x-ax]s by the arc from the vertex to
one end of the latus rectum.

qtion of the parabola is y2 = 4ax

Difféerentiating wrt x, we get ..(2.22.7)
dy dy 2a - '
2 = _—
Y - dx 4a or dx ¥
Ef-_)iaz 4&2__ +4ag_ X+a
4ax ¥ x”

For the are from the vertex t.o L the end of the latus rectum, x varies
from 0 to a.

Required surface = _|' 2ny > dx

= I?anMax xX+e g
==

From eq. (2.22.1)y = Jdax |
= 4na f(x +a)V dx

x=0

Sl (2d2 1)

2 2
= 4na 3 [(x+ay™*]

Y,
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The equation of the cardioid is r = a (1 + cos 9) ...(2.23.1)
The cardioid is symmetrical about the initial line and for the nupper half
of the curve, 0 varies from 0 to n. )

dr

Now from eq. (2.23.1), &E = — 5in B

ds_ |, [gf
df do

Ja?(1 + cos @)% + a? sin’ 0

a 2(1+oosﬁ)=2acos~g—

Required surface = I27Ly g% do,where y = r 5in 0

Zn J'”a sin 6 (1 + cos 0) 2a cc)s-v.E 26
0 2

(v r=al{l + cos 8))

2n raZ sin o cos 9 2 cos?® 4 20 cos 6 2o
o 2 2 2 2

1670 J-:cas‘ g singdﬁ

16ma® [— cos® 9/2:1“

W

1
5 -
x2 o
: 32
=32 0 D=2
5
8=r 2 =0 _
O A X

] The arc of the cardicidr=a (1 + cos 9) included between

- % <0 = ;— is rotated about the line 8 = % . Find the area of suxface

generated.

Mathematies - IT 2-21 F (Sem-2)

The arc CAB [from 0= % to 6= %] revolves about the line

L .
8= —,ie,theyaxis.

Also the curve is symmetrical about the initial line or x-axis.

From aq. (2.24.1), gi =—asin

ds z : .
=== LR +(£J =J;2 (1 +cos0)® + a®sin® @

= a '2(1+0058)=2acosg—

Required surface area
= 2 x Surface generated by the revolution of arc AR

9 _[:zzmx (;_‘lg do [ For the arc AB, 0 varies from 0 to /2]

4 I;mr cos B 2a cos g do (-~ x=rcos8)

i

8na J-ma(l + c0os0) cos Ocos 9 de
o 2

Bna? J-m(2 ~2sin? EJ(I - 2gin® E) cos 2 qe
° 2 2 2
in 2 1 COs °

Putsnlz—T g 2d9—dt

Now the limits are given as follows,

Wheno0=0,t=0and when 6 = w2, 1 = 1/ V2 .
Now, surface area = 16 na’ J'”Jz(l — 3%+ My 242
vl

The cardioid is r=a{l+cosB) {2.241) -

RRVRCY



2-22 F (Sem-2) Mudtivariable Caleudus - IT

2t5:|vﬁ= 96 _—
5 1 52

Find the volume of the solid generated by the

= 32mg® [t—t3 +

revolution of rr = 2a cos 8 about the initial_ line.

The eqution of the curve is
r=2acos8 .{2.25.1)

Eq. (2.25.1) is clearly a circle passing through the pole. The curve is
symmetrical about the initial line and for the upper half of the circle 6

. b4
varies from 0 to -2— .

Required volume

"1:22 5 = 2 a/2 - .
= _‘-c Em‘ sinf d0 = gﬂj-o (2c cos 8) sin © dO

16 na® J-:m cos® B 3in 9 46

I

3
16 «9]"" 4 4
=——m3[°°s ] = S a0 -D== na
3 4 3 3
Y
i |
cal Fir, 8)
2y
ni
Farld
5] g0=0

Show that the volume of the solid formed by the
revolution of the curver=a + b cos 0 (g > ) about the initial line is

4 2
— na(a® + &%),
3

Mathematics - T 2-23 F (Sem-2)

The equation of the curve is
r=g+bcosBia>b)

The curve is symmetrical about the initial line and for the upper half of

the curve 0 varies from 0 to = :

.{(2.26.1)

~. Required volume

- ]”'Enrasmede
°3

= 2 x[](a+bcos 0y sin 6 do

- — g %J:(a %L.b cos 6)° (— b sin 9 de)

Y

2 n[(a+bms 9)4]"

38 4 o
_ _E{(a-—b)“ (a +b)“J
36| 4 4

L 1 oyt ___E 2 2
Gb[(a+b) {a — b)) 3na(a + H*)

Find the volume of the solid formed by the revolution

of the cissoid y*(2a — x) = x* about its asymptote.
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3

The equation of the curve is y2(2a —x) = x%or 32 = > ad .. (2.27.1)
a - x

The curve is symmetrical about the x-axis and the asymptote is the line

. 2 ~x=0o0rx=2a.
If P{x, ) be any point on the curve and PM L onthe asymptote (the axis
of revolution), and PN L QX
Then PM =NA = OA - ON =23 —x and AM = NP =y,
where A is the point of intersection of the asymptote and the x-axis.

Y4 | i
P 1A
I g
=y S
| X ' = - X
O N :A(Qa, Q)
1
1
1
1
]
- Required volume = 2[n(PM)* d(AM) {2.27.2)

¥z

[From eq. (2.27.1)]

NOW, AM.=y=_\/m

d(AM) = dy
(2a — x)* 3 Uz _ oz 1 (Za - x) 2 (1)
— 2 2 dx
20 —x
_ 3x*(2a—x) + X7 _E(Sa—x) '
22 — xy*"? T (2a - x)°®

From eq. (2.27.2), we get
Required volume

Ly YxBa—x)

2e
= 2?:_[0 (Z2a - (2m

= 2?:]?%3(1 — ) Jx J2a —x dx

Mathematics - 1T 2-25F (Sem-2)

Put x = 2a sin? 0 dx = da sin 0 cos 0 dB
Now the limits of the integral are given as follows,

Whenx =0,8 = 0, and when x = 2a, 0 = g

Now, required volume

R/ i
= 2n[""(3a — 2a 5in® 6) {/2a sin’? 6 \/2a (1— sin?0) 4a sin 6 cos 6 48
= 16ma® jﬂ"’z(a_ 25in?H)sin® O cos? 8 4O
= 16ma® j:’2(3 sin? 0 cos’ 8 — 2 sin® B cos® 0) 4O

=16m3[3.;.
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3-2F (Sem-2) Sequencq and Series

el
PART-1

CaONCEPRPT OUTLINE

Sequence : An ordered set of real numbera,, a,, ¢, ...., ¢, iscalleda
sequence and is denoted by (a ). If the number of terms is unlimited,
then the sequence is said to be an infinite sequence and ¢_is its general
term. : '
Series:Ifu ,u, ua, veeeers B, ... be an infinite sequence of real numbers,
then

L T +u o o0
is called an infinite series. An infinite series is denoted by Z z, and the
sum of its first n terms is denoted by s, .
Convergence, Dlvergence and Oscillation of a Sequence g

If lim(a,) =1 isfinite and unique, the sequence is said to be convergent
If liﬂ(a"J is infinite (+ »), the sequence is said to be divergent..

It liig(a,,) iz not unique, the sequence is said to be osqiilatory.

.Convergence, Divergence and Oscillation of a Series : Consider

the infinite series Zu =, +u, + uy + ...+ u, + ... o0 )
and let the sum of the ﬁrst n terms bes =uwu, +u, +u, +.... +u,

Clearly, s_is a function of n and as n 1ncreases mdeﬁmtely three

possibilities arises :

i If's, tends to a finite limit as s — =, the series Zu_ is said to be

convergent
ii. Ifs tendsto+casn — =, the series Zu  is said to be divergent.
i Xf sn does not tend to a unique limit as n — v, then the series Zu_

is said to be oscillatory or non-convergent.

i @& = ——— li.a =2 ii

= 3t en’ ina, =3+-1)
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2 _ -
[nizn] = lim 1-2/n = 1/3 which is finite and unique. Hence

_ - 3n’+n) == 341/n
the sequence (g} is convergent.
i  lim (2*) = «. Hence the sequence (a_ ) is divergent.

_ i lil'{_} [B+(-1Y]1=3+1=4, when n is even

=3—1=2 when nis odd
t.e., this sequence doesn’t have a unigue limit. Hence it oscillates.

Examine the following series for convergence :

1+2+3+..4+n2+....00
5-4-1+5-4-1+5-4-1+.. .«

‘i._ Here, s =1+2+3+ ... +”:n(n2+1)

. 1 .. - s . .

Ll_fl;} s, = o lm n(n + 1) — « Hence this series is divergent.
ii. ~ Here, s, =5-4—-1+5-4-1+5—-4—1+ ... rterms

0,50r1 :
Clearly in this case, s, does not tend to a unique limit. Hence the series

- is oscillatory.

Test the following series for convergence :

R 1 3 5
i. + + — ¥ e o
1.2.3 2.83.4 3.4.5
+ ren O
2n -1 1 2-1/n

i  We have 1 =

mn+1Xn+2) n® 0+1/nXl+2/n)

Taking v, = 1/n? we have
. 7] . 2 -1/n 2-0
oo o lim 22 = lim =
moam ree (1 1/nXl+2/n) (1+0X1+0)

= 2, which is finite and non zero.
Hence, both >u and Zv, eoaverge or diverge together but Lv, = Xl/n*is
known to be convergent. Hence Ir is also convergent.

3-4 F (Sem-2) ' Sequence and Series

z
ii. Here 72 n 1 [ e ] . ignoring the first term,

" mrbn+l n+lln+l

Taking v_ = 1/n, we have

., "
lim| =20 — 1jm|m — 7 Jim| 2
n—m| n—m g ] ol 41

n

=hm|[-—> | im—2Y -1 1.9
el 1 41/n ) e (1+1/0)° e
Now since Xy, is divergent, therefore Zv _is also divergent.
| Determine the nature of the series :

_ 1 _ 1.1
Jz 1+J§ 1+JZ L s Sl
3*_1 4°-1 5°-1 n n

Jmen-1 Vn[ar1/m-1/Vn]

(n+2%-1  n*Hl+2/nP —1/n%

i. We have u, =

Taking w©_= 1/n%: we have
lim % - km Ja+1/m) —1/\/E]=1¢0

nw Ty mwe [(L+2/0F —1/77]

Since Zv_ is convergent, therefore i is also convergent.

it Here u 1Sin1 111 1 + 1
. Her = —sin —=—| = - —_— .
" n n n|ln 3tr® BIn°

A, 1 1
T onl? _ﬁn2+5!n4

Taking v, = 1/n?, we have

1 1
] un : — RN _
lim " = lim {1 31r 5l W =1=0

n
Since Zv_ is convergent, therefore Xu_is also convergent.
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Discuss in detail about 1)’ Alembert’s test or ratio test.

Uso give i_ts limmitations.,

i D’Alembert’s Test or Ratio Test:
In a positive term series Zu , if i
. u '
lim —=*L = 3 then the series converges for A < 1 and diverges

A I
N

for & > 1.

Case I : When, lim Zes 5 o4
n—a un

By definition of a limit, we can find a positive number r (< 1) such that

7
21 crforalln>m -
n

Leaving out the first m terms, let the seriesbe u, + 1w, +u, + ...

i, i
So that -2 <r | —ui‘:-'”, —t <r ,..andsoon Thenu, +u, +u, +.....0°

ul u‘.'2 u3
S u1[1+y—2—'+ﬁﬁ+ﬁl—‘3ﬁ+ ..... m]
z""1 “‘2“1 u3 u?. ul
<, (l+r+ri+ri+.. @)

= lul » which is finite quantity. Hence Zu, is
_r _
convergent. [~ r < 1]

Case I : When, lm 21 _ 3 51
FE—an u .

n

By definition of limit, we can find m, such that Yot 51 foralln>m.
153

n

Leaving out the first m terms, let the series be

. i, u
W, + g, + Uy + ....sothat 221, ﬁzr, —4 >1 ... and soon.
u; u; Ly

L B N T

u1+u2+u3+u4+....+un=ul[1+
Uy U s

Zu, {1+1+1+ ... tonterms) = n,

- lim {u, +u,+..+u)= li_rg {rzu,), which tends to infinity. Hence S~

is divergent
« Limitations of IYAlemhert’s Test :

3-6 F (Sem-2) _ Sequence and Series

1. Ratio test fails when 2. = 1.
2. This test makes no reference to the magnitude of ¢, /u_but concerns

only with the limit of this ratio.

Test for convergence of the following series :

i 1 + L + x* + x° + e
T 241 32 4J3 5J4
a6 - 14 2" -2 -
ii.- 1+§x+—§xjg+ﬁxs+m.+2"+1x“ 14 x>0
x?ﬂ—2 x2n

i . We have, = — anduy = ——"F—
T e i " (n+28J(rn+ 1)

2n -2
i o % n + 2+ D

i .
M s lm T T
%
_ Lm n+2[n+1) P
ase o+ 1 n

_lim | 1P 170 |x ? ey
1+1/n

A —pu

Hence Zu_converges if x~% > 1i.e., for x* < 1 and diverges for x* > 1.

1 1 1
Ifx2 =1 th \ = - —_—=——
e i DYn R 1+1/n

. 1 ou, . 1 S .
Taking v, = g We get lim o = lim 1+1/n = 1, a finite quaptlty.

- Both Ty and Zv converge or diverge together. But Zv, = Z%E isa
n

convergent series.
. 3u_ is also convergent. Hence the given series converges if x> <1 and

diverges if «% > 1.

1 2 2+ 1
. w, _2-2 2711 1og 2tan
ii. Here, = — x — —=— ad
i, 4 2" +1 nt 2 x 141 2__2x
2“ 2ﬂ
s 1-0 2+01 1

oo lim

n—em oy

., 140 2-0x =
Thus by ratio test, ¥ convergesforx—! > 1ie_, forx < 1 and diverges for
x > 1. But it fails forx = 1.
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gn _ ]."'“—1rl
Whenx =1, lim u, = lim =lim 21 =1=0
k2

LE I A Pt 1+

Euu diverges for x = 1. Hence the given series con{rei-ges forx <1 and

diverges for x = 1,

21 3 4t
1+2—2+?+—+....CD

5
" Given series is
Ll

nl

Su,= 2=

: aml

I e+l .1 A
Here, Yo — 7! (n+1*" (n+1) ___(1+l)
U1 n®  (n+ 1) n" n
. u, - . 1y L. . .
. lim = lim [1 + —] =e¢, which is > 1, Henee the given series is
H—yen un+ 1 —rom n
convergent.

| Examine the convergence of the series :

x x* x3
+ z - s"l'...w
l+x 1+x 1+ x
n e+l
x x
Here,un: 1+ 2" anduu”:m
. . . xn 1+xu+l . 1+xn'l
lim e lim |—w——F | = lm | ———71
A—se gl n—+m x 1+ x fe—on X+ x
m+1
= —,ifx<1 . | x> 0and n — ]
n+1
. u (1 +17xm) ,
Also, lim n -~ lim 7’”‘} =1, ifx > 1.
n—rm gy = 1+ x/x

n+ 1
By ratio test, Zu, converges for x < 1 and fails for x = 1.

Whenx =1, Zu_ = 1 + 1 + ! + o oo , which is divergent.

2 2 2
Hence the given series converges for x < 1 and diverges for x = 1.
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Explain Raabe’s test in brief.

uﬂ

In the positive term series Ti , if 11_.13 .nt\ - } — &, then the series

A+l

converges for & > 1 and diverges for k < 1, but the test fails for k=1,
When & > 1, choose a number p such that £ > p > 1, and compare Tu,

with the series Z—lp— which is convergent since p > 1.
n :

- Zu_ will converge, if from and after some term,

2 - NE
Ha > (n+ 1P or [1 + l]
i nP . 7t

R+1

or if,

o o 1+£+__p(p—1)+m-
n 2n®

A+l

‘u 3 _
orif,n‘ = —1J> p+p(—p—1)+.....
\un+1 2n

2n
. L., if k> p, which is true. Hence, Zu_is convergent.
The other case when & < 1 can be proved similarly.

J>tm
wr Y m [

r+1

orif, lim =
e

Test for convergence of the following the series :

. 4.7.@n+1) ,, (n?)z on
L YT A - Z(zn)!x

, u, 4.7.6r+1D , 4.7..(83n+4) ... n+11
i Here, —— = x" + x = =
pal 1.2..n 1.2...(n+1) 3rn+4«x
J1+1/n71
3+4/n =
s lim = =—1—
euTy 3x

nel

Thus by ratio test, the series converges for SL >1,ie forx< % and
0

diverges for x > % . But it fails for x = % .
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.. Let us try the Raabe’s te C+2
us try the abe’s test B . a, = i_-'-c»r ﬂf(x]cosnxdx
- Now, uu,, = [1 + l)[l + i) [Expand by b'ix;om.ial theoreml] 1 +Ce2n
ne1 n/\" - 3n - b, = —_[C f(x)sin nx dx
- [1+1][1Ji+_§_ )_I_LJ, 4 | * i
- 3n 9a® 77 3n 9n® ' Fourier Series when Interval is Changed : Fourier series in the
( u 3 1 4 interval C <x < C + 2L is given as
. Al = S+ —t.n : S . :
RaTH -3 9n - =
o /I ' fx)= %+Zancosnzx+26nsinnzx
H i, . : = n=
l‘_‘}_}"’[ 1“1]=—1whichisc1 =l 1
u, + 3 Wh 1 (C+2L
Thus by Raabe’s test, the series diverges. ere, a, = _EJ-C' f(x)dx
Hence the given series converges for x < (1/3) and diverges for x 2 (1/3). ' _
. 2 2 i _ 1 pc+2L nHx
i Here Mo o[ nl Y2+DII 27 a, = I-[C f(x)cos dx
- > - = (n+ 1)! (2n)! x2(n+l] ) . .
. _ and b l.{c+2Lf( sin PT% g
_@riD@n+2) 1._2@2n+D 1 - n = T lc x)sin —-
(n+1) x® n+l x* - Note:
' u, _ 22+1/n) 1 _ 4 ' i,  If C=-—L, then interval is — L <x < L and
S lm 2 = lim ————— —=— ) . 1 ¢k
e w,,, e 1+1/n X x : @ = — [ flx)d=
Thus by ratio test, the series converges for x? < 4 diverges for x2 < 4and 3 L ;
diverges for x? > 4. But fails for x® = 4. : a, = %I Lf(x)oos(——n;w] dx
( u 3 o2n+1 n -
Whenx2=4,n ——1 =n[ —1]=— _ L
Lunu J 2n + 2 2 + 2 b, = %J_Lf(x)ﬁﬁ-ﬂ%dx
lim n ((u, 1\ _ 1 . il If Ax) is an odd function then,
e Lunfl an=a0=0' :
Thus by Raabe’s test, the series diverges. . b = EILf ) in VX g
Hence the given series converges for x? < 4 and diverges for x2= 4. " Lio (x s
iii If fix) is an even function then,
_ 2L,
bn = 0 and @y = EIO f(x)dx1
e = 2t nmx
CONCEPT OUTLINE n—fj'of(x)wsde,

Fourier Series in the Interval C < x < C + 2n : The Fourier series
for the function fAx) in the interval C < x < C+ 2r is given by

oo k=]
f{x) = %«}Zancosnx*ernsin nx
n=1

n=1

Where q,, a, and b_are called Fourier coefficients, and given as

ag = _:t;.l-g+2nf(x)dx
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Hence deduce that

1 Find the Fourier series expansion of the function

-1, for -—m<x<-nf2
fay= 40, for —n/Z<x<ni2
1, for nf2<cx <

Ax) = 0_2‘0..,_?;(;” osnx+ﬂz_‘ib sin nnx
ay= " flordx= [j T mcax}
T
S (Eea) [H_E)]
T 2 _ 2
az,=0
o = l ' flx)cos nx dx

n

= l[ _“{2—cosnxdx+f cosnxde

s

12 .
_ 1 sm nx BN {sm mc}’t
T -n n w2

1[ sinan /2 sinnn +sinmr _sinnrc_/_?jl

T n n n

a =40

b = lj.ﬂ Flx)sin nx dx
Td-n

It

1 —x 2 .
= = _ nx dx
= TE|:J. sin nx dx +Lmsm }

i r
1y cosnx e {cosnx} jl
B n 1=

T Z

1 [cos nn/2 eosnm _cosnm | COS /2 ]

T n n n n

h = _2_[(-;05 nr_ CDS nn]
"oan 2

312 F (Sem-2) Sequerice and Series

Hence required series is, )
= 2 nw
Aax) = Z — (oos = — cos nn)sin nx
mnn 2 :
Putting x = =/ 2 in the above series,

2
P, _,,n= 2. E;[cosig —cos m':) sin %

—0+l '—'—2 Zi(cos n—q—cosnn\sih—n—n
2 on N 2. " 2
Puttingnn=1,2,3,4,......

™ 1( n ] .

— = —| cos — - o5 w|sin —+ 0

4 1 2 2
+—;(cos 32—n—c053anin%E+0
+%[cos 52—75.—005 ST:jsin 5?1t~1~12}+....

T 1 1 1

= = 1+ (-1 + - ()+ =(—

" 3( = )+7( D+

T 1 1 1

— =1-=+=- =+

given by

e ’ T
Ax) = 9"2£~ + 2. @, cos anx + 3 b, sin nnx
=1 nel

i

Then a, I:f(x)dx :Jvuln:x dx + Lz:rc(_? - x)dx

27 ] %] _ {1 r 131
ag = n[?:[ﬂ+nl--2x—-—2— | ﬁk-2-J+iT[(4-"2)—'(2—§JJ

a0=_rc

= .‘j Flx) cos nnx dx

1 p
= _[Dﬂ:rcos AT aix+j] n (2 — x)cous nax dx
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. 2
1 : : a,= — _f X cos nxdx
_ ﬂ:’csinr.-:?:.ac__ﬂ _ €08 nnx oo _
= nm n? n? ' 2 [ (sin nx] — cos nxﬂ“
. it} = —| x| ——— | — 1 —
. 2 : T n R g
+[n (2 —x) EI—?ﬁ—(—n)[—- —%}] . _ 2cosnn 1 2 n
nw nén " : = — 7z 3 |=— g [-D*-1]
- . ! ™ 2 n".! mn
= [E)S_’m -1 J [“ cos 2nmw  cos nﬂ] ' [0, if niseven
nin n’n n’r nir ) a_ =< _4 :
‘[—2, if n is odd
T

-2 [cos nm — 11 = % [(-1y* —1]
n n

nZr ) T cos 3x  co8 bx
0, ifniseven o =l = 2 RN\ T T S5z TR
= 4 . . .
% if rnis Qdd Expand flx) = x sin x as a Fourier series in 0 <x < 25,

b = f:f(x)si_n nmx dx

1 2 .
= _famsinnnxdx+_fl w(2 — x) 51N nnx dx
Axy=xsinx ; O<x<2n

[m{ cosnrnx] n[—_sinnm:ﬂ . 1 o2
= T am 22 : P T 1 _ P -E I |
n,. r b ) ag ﬁfa xsin xdx = 1I1:[9‘:( cos x) +sin x|" = ;[—21:]
. n{z_x)(-—cos:-mx)_(_W)(—sinnm:)—‘ S ag=~2
onm n?n2 J . 1 f2n .
1 @p = — ], x8inx cos nx dx
cosmr} [cnsnn] n
= - ——— | ——— =0 1 2n
n n = 2—_‘-0 x[sin (1+ n)x + sin (1 - n) x] dx
o) = E_E_[cosu+c033nx+cos5ﬂx+ ] ' i
T2 w\ 12 32 52 T - L[_ cos(n+Dx  =in(n + x
2 +1 2
Express flx) = |x| ; -t < x < x as Fourier series. n (n+1)
+_xco§£§ ~Dx sin(n-1x o
n--1 (n-1%* |
:Lr—2n+_2n1_ 1 1
Since A—x)= | —x| = |x| =fx) 2n|n+1 n-1| n-1 n+1
. Az} is an ¢ven function and hence b_=0 2
dan x a'n= 2 ,ni]_
Let f{x)=|x1:-?+ > a, cos nx nf -1
n=1 When n =1, we have
2 pn 2 fn 2 ¢ 2 xQT 1r2n 1 (2=
Wh = 2 flxrde=2 dx = 2 _2 x| _ 1 : _ 1 .
ere  a, nfofx nIﬂixI x -_.-:ondx T[|i2_0 T a, n-[O x 8in x cos x dx 211:I0 x$1n2xdx

--cos 2x] sin 2xT“ 1 [— 2}11
+ = !

a =zfi;f(x)cosnxdx”Efg|xlc05nxdx =i[x{ } 2
2 = 21_{_ 2 o 2?[ 2 )
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Mathematics - I1 3-15 F (Sem-2) R
: a,=10
a1=—% _ . B a,= %__[tf(x)cos nx dx
b, = lj x sin x sin nx dx ' 1 @ 1.7
i = I—KcOSnxdx+—'chosnxdx
. T
= ij [cos (1 —n) x —cos (1 + n)x|dx ' "
2n : o - K sin nx LK sin nx 1"
_ 1 sm(n—lhc+cos(n—1)x . - n |, = n
T 2n (n -1 : a, =0
. o . 3 TT
._xsin(n+1)x_cos(n+1)x b = lIf(.x)sinnxdx
(n+1) (n+1)? R - tom
1] r °
1 1 1 1 1 1 . 1 .
= — = - — - T . = — — — :
2n [(n—l)2 (n+1)? (n-D* (n+1)2} . R_J'( Ksin nx)dx+nIKsmnxdx
bn=0 . - . 0 : o
When n = 1, we have _ : i = l[__K[—oos ”‘le +1[__K(” Cos 7T mc]} :
b, =-;1-.[2xxsinxsinxdx =ij‘02xx(1—cos2x)dx [} : T i G L n -
m e 2n | _K[l-(l)" e 1}
2x - — - - - - —
1 [ sin 2x] [x2 cos 2x] _ wln n n n |
= —Jxfa— B £
2n 2 2 4 )| b - 5(%_2@1)”}
. . - _ _ 4 w|n ‘n
=L|:2?T(2TE)——E ~i+}]=2i(2R2):n ' '
2n 2 4 n ' [0, if niseven
FAx) = c;"+a1003x+b smx+zﬂ COSM*‘Zb,JSlnM T ﬂ,' if 7 is odd
n-2 n-id nm
1 .
= —1——c¢cosx +nsinx + cosnx
2 Zz‘ - : flx} = ao+Zancosnx+ansinnx
=1 n=1

fx) = D b,sin nx
n=1
b, smx+b51n2x+b gin 3x + .

[-K for-m<x<0 : -
fix) = : 1 :
K for OD<x<nx 4}( 1 1
L1 Ax) = [sinx+§sin3x+gsin 5x +}
Hence show that 1—-—+ -~ _+... = KTU 2015-16;
. 3 5 7 — N . L
ow putting x = —
2
{n AR
(o F for-me<x<0 fkg) =K= —[1 =D+ =)+ -1+ ... }
ﬂx)zJ[K for O<x<n : "
- { rr 1 1 1

[\l

] T
= 1 1
a. = %J- fixdx = ;_I {—& hedx 4 n-ng.r.
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Find the Fourier series expansion of the following

function of period 2n, defined as

(-1, - m<x<0
flx) = 1, O<x<nu
1 1 1
1—-—4+—-——-—=
38 7"

-15, Page 3—15F, Unit-3, (Putting K = 1).
Find the Fourier series of

fx)=2%in (- n, m

x) = x3 i5 an odd finction.
a,=0anda,=0

b = Ejf(x)sinnxdx=gjx3 sin nx dx
Ty L
Uuu =Ry, — W'y g —uty, :|
_2 [xa [ cos nx] 32 [ sxr};x_]
T n n
+ 6 [cossnx] e [Sln.4nx]—|
n nt

" 3 2
_ E_L_n cosnﬂ+6ﬁco3$nn:|=2(_ 1y [_n:__'_%J
T n

n n

Ax)=x3=2 {—[—T+1—3) sin.x+{—%+23

NEIP.

Obtain Fourier series for the function

—m = 0
flx) = x o TEE= and hence show that 1; “+ —]2
-—x , O<x=<n 1 3

E

3-18 F (Sem-2)

SBequence and Series

th Fourier series be

Filx) =

Now, ¢, =

oo [=a]
2o, > @y cos nx+) b,sin nx
n=l" - n=1

..{3.18.1)

%I_ﬂﬂf(x)dx = %{j_{)ﬂx dx +J.;—x d.x}

2 2| =l 2 2
l‘l’lf(x)cos nx dx

1| 0 ® -
E[I_ﬂxc_ns X 1:!.’:c-t~_|-n —Xx COS nX d.’xJ
1fxsin nzT" g0 sinnx g
T n ot - n
—xsin nx " Ed sin nx
| - —1)—dx
|| ey
11 0
;T.{;E(ms nx)® L (cos nx)o}

1 [1-(=y"] J=»"-1]|_ 1[20-c™
=G e oz

J ¢ , ifniseven.
4— , if nis odd.
n

1 .

— x)31nnx dx

b

L xsmnxdx+]’ —x)smn.xdx]
%[ cosnx]} P (—cosnx)dx
o oo
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Mathematics - 11
1 V' 1fsinnx]® [ w(-1)? 1[sinnx " |
—‘:{O—Eco'snn}-f— —[Sl nx} + -0 ——[S—} J
n r I'rl » 4, n zl n Jy|

1 n r 1 n
= —{—(-1] +—mn{-1
‘.l'c‘r n( ) nn( ) :I
= 0, whatever be the value of 2.

il

Therefore, the Fourier series is

Sine series inQ0<x < 2

—m 4[cos x cos 3x cos 5x I 1.
fla) = ?‘L;[ 2 + 32 + 52' + } -(3.18.2) ii. Cosine seriesin 0 <x<2.
Since the _funlction fx) is discontinuous at x = 0, by Dirichlet’s condition
1 . - - .
F(0) = 5 [LHL + RHL] = (I/2)[A0 -0 + O+ 0)) =0 i i Let x= >b Sin% L(8.19.D)
Put x = 0 in eq. (3.18.2), we get =t
—r 4[1 11 J : Where, b, = [‘xsin " dx
ettt ... o
. ' nme )}’ nRx
—cos —— , — €08 —/—
= Jx 2 — J. — —2 dx
nn ¢ nw
SO 5
= —imsnn= _'.._4_'(-—1)"
. . nx nn
S Hence from eq. (3.19.1),
CONCEPT OUTLINE . 4 &= . nrx
. ) x= —— Z SIn 5
Half Range Series : Half series is found when a periodic function is - T n-l
expanded in half range of its period i.e., to expand flx} in range (0, L) ' .. . e T .
having a period of 2L.. . H Let x = 2 + gaﬂ cos ——’2 ...(3.19.2)
A function fix) defined in the interval (0, L) has two half range series a2
that are called Fourier cosine and Fourier sine series. Where, a, = P de=l X | =2
Half Range Cosine Series : The half range cosine series is given as o 2
= nmx e | e
Ax) = Zo a, Cos sin ——- 1 sin —~-
2 El L and a = szcosn—TmErix= x | -rj-z dx
2L ? T2 nx J © o nm
Where @ = I_ID F(x) dx s ) 2
_ 2L nTXx — 08 ——
@n = E.[(} f{x)cos L dx = _2 2 - 24 5 (cos nmw — 1)
Half Range Sine Series : The half range sine series is given as nr % B
-4}
- b ginLEX B 4 Ei(cos nr—1) R
fAx) = ‘é n ST I, Hence, x = 1+F;_—_n?_— COST -
2L . WX
Where, b, = E.[o Flx)sin 7 dx
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Find the half range cosine series expansion of
fAx)=x-5x%, O<x<l

fx)=x—x% O<x< 1
e

flx) = 950-+ Z%COS 1

n=1

1 1
a, = 2{ Flxidx = 2f (o —x™)dx
o ]

nnx

=D

1 1
“a,= - If(x)cos dx:zl-(x—xz)cos nmxdx .
0 c

__2,[sin nnx)_ 1—2 [—cos nﬂx] _(‘2)[_ sin nnx]T
[(x * )[ ¢ ) n2n? ! nia /g

= 2
nwt
cos R 1 1)t 1

- 2l (= —2 -3
2[( ) ﬂfzﬂz Rzﬂz} [ n2T[2 n‘!n2
1 o 2 n+l

x} = — + — (-1 —1]cos nnx
fa) = & r‘;nzng

Find the Fouﬁer half range sine series for
A =(x+1 yforO<x<m

fx)=x+1
x+1= »,b,sinnx
n=1

Where, b = zjn(x+1)sinnxdx
I3 T i}

= % U__(x D [Ic—‘iﬂ) ]:: -[*@ [— wi—"ﬁ] dx:i

321 F (Sem-2}
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Sequence and Series

™ n

g[[(n +D (D) + 1_] N

-2 1A+

2 [(n LD [:cos nn) L cos 0_,] . [Sln;:x:l
T F n A o

[sin nm — sin 0° J]
i

1743
—_g;Ifn is even
_ n
2 - .
L2+ m;Ifrisodd
fi# 7}
Hence Fourier sine series 1s -
ﬂx)=x+1=gM[Sinx+51n3x+w+ ......... }
I L)
|:sin 2y gindx sinBx ]
-2 5 + +—— t..

Hence the Fourier series is,

4 6

Find the half range sine expansion of
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' - 16 . Yy . ot
fla) = Zo 5.3 sin [?) sin [T)

n= s

Obtain the Fourier expansion of fix) = x gin x as cosine

i .
series in (0, ) and hence show 'I;hat

1 1,1 s(n_zj
12 3x5 5x7T ”

4

Lot the Fourier series be
.
f(x) = xsin x'= Zo Zan 08 X
n=1
LI 2w
a, = lf x8in, xa’x:——J- xsin x dx
FLrdit fd i
[+ x &in x is an even function]

Now,
Using Iuvdx =uv, ~u'vy +...., we have
- 2[x(—cos'x)+(3inx}]g
7T
= g(—:rwosrc) =2
id
a, = gJ‘ﬂxsin:ccus.rr.xdx
And, n= 21 .
= L[ x(2c0s rx sin v dx
FLE AL

= 1J":::w:[sin(n—:1)3c—5i11(nFl)x]cbc
T
[+ ZcosAsinB= sin(A+ B)-sin (A -8

l[x][a—cos(rw 1)x +Es(n—_1)i}

I n+1 -1
—sin (n+Lx sin (n - x Hﬂ
(n+1)% -7 [l
_ 1 —cos(n+1)n+cgs_(£—l]n
T o r+1 -1

__{—sin(n+1)7r sin(n _1)_,T} 0}

(n+1)2 ) {n -1)2

3-24F (Sem-2)

Sequence and Series

n n+1 n—-1

%[nj[—cds(n L ILIN cos(n-l)nH el

l[in{—cos(n+ 1)1t+_cos(n—1)ft}_{0_0}:' _

n+1 n-1

' When n is odd, n = 1,(n — 1} and (n + 1) are even.

I

an

1 { 1 r )] 1 1 2
=l md— + ==
T n+l n-1 n-1 n+l n2-1

When n is even, (n —1) and (n + 1) arc odd, therefore cos (n + 1) 7 and

cos{n—-1)nm are—1.
(In =

When z = 1, o =

1 1 —2
==
n—1 n+1 np?_3

2pm Lem
—J' xsin xcosxdx=—-_|. x8in 2x dx
o0 . L I

1 [—ccrs ZxJ [—Sin 2xj T

—|x —-1.

'.IT[ 2 4 Jo

HEF SN
2§ 2

"

Now the Fourier series is,

flx) =

Putti =
uttingx = -

=

coé; 2x
2%2-1
_cos 3x  cos 4x cos bx }

X sin x=1—-%oosx—-2{

...(3.23.1}

+_ - - -hman
321 4% 1 521

X in eq. (3.23.1), we get

-1 1 1
-2 — + — ...
(2“—1 421 6% -1 )

2[1—— 1—+L J
3 15 35b6

1 )

. +
1.5 3.5 5.7

Obtain half range cosine series for e the function

24 ,0<t <l
2{2-#y ,1<f<?2

AKTY ‘Marks 07 J
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a.' = nrt
7)) = o+ B oS ———
Fity) > + z a, Cos _l

n=1

1
a, = %{ F@ de== [I:tht+_[2(2—t)dt—‘
_ [[ («hfﬂ
a,= 1+
I
a, = %}[ (t)cos——dt
. R x
= Eli‘gzt cos——dt+f2(2—t) cos —_ dtl

Using integration by parts

2 1
= -2— [Qtisina—nm+2~22 5 cosﬂn—tJ
2 2 ;

318 now 2

H
|
5
RS
wm
&
m|§‘|
+ .
3
o$|® 3
.-
g
|3
5
|
o
R
e

+ 8 oS T smmt# 8 cosmr)
_ AT — — nr
nrt 2  n?n? 2
- 18 cosnz——s——-icosnn
nzxz 2 ntn? At
= 2 osi-—l—cosm-c-J
B n2n2 2
. nw
When r is odd, cos Y =0andcosnn=-1
a"=0:>a1=a3=a e =10
. 2 8
When 1 15 even, @, = %1:2(:052—1—1:0521;\ =——=
I 2 cos 1 4 0
a‘*ﬁ cos — - 1—cosdn| =

326 F (Sem-2)

Sequence and Series

Fit3)]

i
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CONGCEPT OUTLINE

Complex Vari able Limit : The function f{x, ¥) tends to the lmit / as x —» ¢ and
- v . y — b if and only if the limit ! is independent of the path followed by the
leferentlatlon point (x, ) as x — @ andy = b. Then
: Um fix, y) =1 -
¥-+h

The function f(x, y) in region R tends to the -limit ! as
x —> o and y — b if and only if corresponding to a positive number
= (a, b), there exasts another positive number & such that

’ Az, -l < eforO<(x—aP+{y —bl? <&

for every point (x, v) in K. .

Continu'ity-: A function flx, ¥) is said to be continuous at the point-
. {a, b)if Eﬂi;n:f(x, ¥) =f{a, b) irrespective of the path along withx — a,

y—sb

¥y b

2z
Evaluate lim —>% % .
=1 % 4+ 4+ 5
¥y—+2
i .
, 3x? 3x? 2
| | TR SR (T I
‘ . 2L xT+y +5 =1y y2 T + ¥+ 5 #=1 x° +{2ZY + 5
. 6x° 6 3
= lim ——= ==
=1 x*+9 1+9 5
. xy + 4
Evaluate lim ———— .
oE X T2y

| lim 2% - lim[ﬁmﬂ}:hm L_ﬂz)«@ J‘—“ﬂ_ﬂ

xoo w? 4 240 Aore| y=2 x? + Dy? x% + 202)°

4-1 F (Sem-2)
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4
2+ —
= Hm x:2ﬂ=0
= L2 w+ 0
X

Show that the function flx, ¥) = x — ¥ is continuous for all

Leti(e, b) e R2thenfla,b)=a—b
| Az, ¥)— Aa, B) | = |(x ~y) —(a — b}
[tx —a) + (b — )]
|x—a|+|y—5b] [v]x]=]==x}] ..(4.3.1)

1A

Let £ > 0. Choose & = % thenfor |x —a] <dand |y — b| < 8, we have

from eq. (4.3.1)
Ifix, y) ~fla, BY| < S+ =2

Hence, the function fix, ¥) = x — ¥ is continuous for all (g, b} € R? But
(@, b)is an arhitrary element of R%, so flx, y) =x —y is continuous for all

(x, v) « R?,
. xs__ys
If fix,y) = 53— 7 whenx =0,y 0and fix, ) = 0 when

Fheib e = x2% e
x =0, y = 0, find out whether the function fix, ¥) is continuous at
origin. .

Fu‘sf calculate the limit of the function :

3 —y3 {- ya",l
I lim — 2=limL 2leim(—y)=0
r—0 oy +_)-" ¥y ¥ ¥ 20
¥
3 El a
oxT - R X .
o lim ——=— = lim [—J =lim(x) =0
y—=0 4 xS x—=0
x—
3 a a 3.3 3
. ox = . X —mx . (A-m7)
HIT. liege 3 }'2 =lim 5 T = lim ——— 2 =0
yomr ot 4y x40 xt iy a0 (1 + m*}
] El ki k- 3_6 it _1
. X" -y LoxT-mt -mx oox(l o mTxT) 1-mic®)
v, Jlim ———=lim —— = lim S —— hm(imxzo
s xt +y 0 e mix 2ot L mTxt) kS0 (L4 mTx)

44 F (Semm-2) Complex Variable Differentiation

Since the limit along any path is same, the limit exists and equal to zero
which is the value of the function flx, ¥) at the origin. Hence, the function
fis continuous at the origin.

CONCEPT OUTLINE

Cauchy-Riemann or C-R Equation :

o

Ox &y
and a—u = —@

&y &x

A. Analytic Function : A function flz) is said to be analytic at a point 24 if
it i= one valued and differentiable not nnly at z; but at every point of
some neighbourhood of z,,.

B. Necessary and Sufficient Conditions for f{z) to be Analytic: The
necessary and sufficient conditions for the function

w = fz) = ulx, v) + iz, v)
to be analytic in a region R, are

are conttinuous functions of x and y in the region K.

on’ oy ox ay
g Qe v ow_ v
ax 3y dy &

The conditions in (ii) are known as Cauchy-Riemann equations or briefly
C-R equations.
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Define analytic function. Ddiscuss the analyticity of

Aiz) = Re(z%) in the complei plane.

A.  Analytic Function : Refer . 4.5, Page 4-4F, Unit-4.
B. Numerical:
z = (x + iv)
23 =(x +iv)>¥=x%—iv® + 3xiy (x + iy)
= (x% — Bxy?) + (Bx%y — 3K
2 = 2% — 3cy?

Su e
3x2—3y2, T =-'6xy
oy

it

v = (3xdy — v -

Ju v

- = ,_:3“2___32

™ Bacy 3y v

du _ ov and ou v

ox &y vy~

Az) = Re (2%) is analytic function,

Show that fiz) = log =z is amnalytic everywhere in the

complex plane except at the origin. '

Here fiz) = u + iv = log =z = log(x + &y) (. z=x+1y)
Letx =r cos B and y = r sin 0 so that
x +iy =r{cos 0 + i sin B) = re®

log (x + iy) = log (r &) = log r + {0 = % log (x% + %) + i tan™! E%J
Separating real and imaginary parts, we get

% log (xZ+y%)andv = tan™ [l]

M=
x
N Jn x du ¥
w — = 55, =
o dx X+t 8y a4yt
du — du x
And R =

ax x2+y2’5 T ox? 4yt
We observe that the Cauchy-Riemann eguations

4-6F (Sem-2) _ Complex Variable Differentiation

I

e ou Ju ouv

o _ Y g &L
dx oy ay ox

are satisfied except when 2 + ¥2 = Qi.e., whenx =0,y =0

Hence, the function flz} = log = is analytic everywhere in the complex

plane except at the origin.
| Find the values of e, and ¢, such that thé function

fz)=a%+¢ 3 - 2uy + i (g, x% — ¥° + 2xy)
is analytic. Also find £'(2).

Rz)=x?+c,y2— 20y + i (¢, T — 3% + 2xy)
utiv=x?+re vy — 2oy + i, -y + 2xy)
Comparing real and imaginary parts, we get
u=x%+e¢ v — 2xy

And v =cx? —y¥ + 2y
(5,71 v
oo ~2-Zyand Toedexe2y
(7/7) v
— =2c, v —2x and — =— 2y + 2x
dy k dy
C-R equations are
o _
O ay
2%~ 2y = — 2y + 2x (4.8.1)
u __ o
& &
2ey —2x = —2ex— 2y ...{4.8.2)
From eq. (4.8.1) and eq. (4.8.2), equating the coefficient of x and y, we
get
20, =—2=¢,=-1
—2=-2¢,=¢,=1
Now, Friz) = %+i%=(2x—-2y)+i(2x+2y)

= (2% — 2y) +{ (2x + 2y)
=2[x +ix + (—y + iy} =21 + D x +i (1 +iw]
=201 +)(x +iv)=2(1 + i)z

Find p such that the function flz) expressed in polar
coordinates as fiz) = r2 cos 20 + ir? sin pd in analytic.

Let flz) =u + iv, then « = 2 cos 20, v = r? sin pB
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Ju
— = 2r cos 20,
or ar
Sg = —2r% sin 29, % =pr? cos po
. ou 1 6v dv 1 o
F Jtob lytic, ~——=="" and —=—=—
'or flz) to be analyt 5 = 7 78 or " 7 20

2r cos 28 = pr cos p0 and 2r sin pd = 2r sin 206
Both these equations are satisfied if p = 2.

Show that the function defined by flz) = \/[_13-—] is not
regular at the origin, although Cauchy-Riemann equations are

satisfied.

f@) =ulx,y) + ivlx,y) = J|xy| then ulx,y) = Jlxyj, vix,y)=0 -
At the origin (0, 0), we have

% e 0) - u(0,0) | 0-0_
G x=0 e z—0 x
0 _ oy #0,)~u0,0 . 0-0
@’ y—o y ¥—=0 ¥
X MH0-v0,0_ 0-0
ox =0 x 50
W _ 20 0,0 . 0-0
E)y ¥y—=+Q y Y y
Clearly, ou _ov ou ov
] ’ ox 'y ox

Hence, C-R equations are satisfied at the origin.

Now from= lim [ &= FO) _ oy =[O0

0 = T f} x+;y

If z —» 0 along the line y = mx, we get
Fm= 111117" \f—m{
70 x(1 + im) x—*ﬂ 1+im

Now this limit is not unique since it depends on #2. Therefore, £7(0) does
not exist.
Hence, the function f(z) is not regular at the origin.

Prove that the function sinh z is analytiec and find its

derivation.

4-8 F (Sem-2) Complex Variable Differentiation

flz) = v +iv = sinh z = sinh {x + iy) = sinh x cos ¥
+ i cosh x sin ¥

Here

ou O . .
= —¢coshxcosy, — =—sinhxsiny
f7ea oy
v ginh x siny, ov = cosh x cos ¥
x oy

& Ju a7} (’30

—=—and —=- ——

ey @

Thus C-R equations are satisfied.
Since sinh x, cosh x, sin ¥ and cosy are continuous function, iu_, Ou . i
: . ox oy ox

v . s .
and — are also continuous functions satisfying C-R equations:- . -

Hence flz) is analytic everywhere.
Now, f'(z) = QI{ ; _(}U_
dx Bx

= cosh x cos v + i sinh x sin ¥

= cosh (x + é¥) = cosh z.

Using C - R equations show that f(z) = [2]2 is not

analytical at any point.

Let w=fz)=u+iv=z[2
@+ iv = x2 + 3?2

Comparing both sides,

=x2 + 42 03—215,@-:2
“EATEIN ay Y
v=0 &) @ _
" ox chy
Using C-R equations,
gu=£{) > Z2x=0 = x=0
e ol
And ?};‘:_%‘ Sy Zy=0 = y=0

At (0, 0) C-R equations are satisfied and the function is differentiable.
Hence, the function is not analytic anywhere except at origin.
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S .
Rz)= %y:x) when z = 0
=0 when z =0
fi(z)— f 1£1)]

Prove that — 0 as z — ¢ along any radius vector but not

as z — 0in any manner.

. 2t y(y — ix)
Az) = +iv= Tyz,z#[)
u = xy” v= —x“_)ll
x5 4 4727 x84+ y*
L]
ou _ lir u(0+h,0)—u(0,0)=1im 0/ h PN
Bx | w0 A PRI
. 2
Qu - lim (0,0 + &) — (D, 0) =lim—/k— —o
dy k-0 k PEY I
Similar] % _gana & -0
_ = ATl —_ =
e ax oy
ou _ oo ow_ v
Thus e & oy
Hence, C-R equations are satisfied at origin.
F@~FO) _[yly—ix) 1 1
Now, =z - x5 £ 5° x+ £y
_xy(y Lx)_l —ixty

25+ ¥t {x +iy) T iyt
Let z — 0 along radius vector y = mx, then
: o
fla)—fF@O . —xmx) o cEma
=0 z - 1’11}'1 x® 4 mxt R T m

Hence M s 0 as z — 0 along any radius vector

Let z — 0 along y = x® then,
f(z) F —w'xt -

= lim ——— =

g_.o z 0 x® 42t 2

Thus £'(0) does not exist, hence flz)is not analytic atz = 0.

4-10F (Sem-2) Complex Variable Differentiation

Examjine the nature of the function :
2
foy= ZX X3 a0, ) =0

In the region including the origin.

Same as Q. 4.13, Page 4-9F, Unit-4. _
(Answer : f(0) does not'exist. Hence, f{z) is not analytic at origin).
‘] Prove that the function f(z) defined by
A+ D— ¥y (-1
A=) = x4yt
. 0 z=0
is continuous and the Cauchy-Riemann equations are satisfied at

FEN

the origin, yet f'(0) does not exist.

(A +D)-y (-9

flz) = . =u+iy
3 _ .8 3 2
where, = x2 yz u:x2 +y2
x% 4y x4+ y
The value of @a_u, @@ at (0, 0) we get o , so we apply first
: ox 8y Ox Oy 0
principle method.
At the origin,
_ J
0 i 200 7 ul0,0) | 4y, {h jrr=1
ax A0 h A
3
o _ i, WO,0+ B)—u(0,0) _ lim{_kz |/ k=1
2y b0 E Eoad)
W g X0 RO 0@ _ i, (2 p o2
o 2 o727
. v(0,0+E) 00,00 _ . Y,
— = lim ] L—QJ =
&y £SO k B0
du v S ou
= and =——

éx 5 _Qy— dx

Hence, C-R equations are satisfied at origin.
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Now (0 = limg—f(z)_f(o)'= lim - ittty 1
ppe] = PRt =+ y° X +iy .
Now let z —» 0 along y = mx, then
. s . x* —mfx® +ix® + mx®) 1
o= Llf&l: x* + mix? x + imx

zoal)

Y 1L-m® +i(l+m?) | | mi=1l+D+(1+D
A+m) A+im) A+m? A+im)

The value of £'(0) depends on m, therefore £(0) is not unique.
Hence, the function is not analytic at z = 0.

CONCEPT OUTLINE

Harmonic Function : A function of (x, y) which possesses continuous
partial derivatives of the first and second orders and satisfies Laplace
equation is called a harmonic function.

If fz) is a harmonic function of z, show that

2 2 (a 2 2
{alf(zn} +{5|f(z)]} =@ |

We have, Fz2)=u+iv ..(4.16.1)
1Az} = Ju? + % ..$4.16.2)
Partlally differentiating eq. (4.16.2) w.r.t x and y, we get
. f. ou avj
2y-1/2
2u—+2v
)  2u o +2v o

ajf{z)I = E(uz +u

- Ox dx -..(4.16.3}

4-12 F (Sem-2) Compl?x Variable Differentiation

du dv
¥ — v —

i a y '
Similarly, —|f(2)| = _Y_ oy LAd 164
2 £} |7 { )
Squaring and adding eq. (4.16.3) and eq. (4.16.4), we get

Ju auv 2 . cu ou
{£|f(z)|}2+{ﬁ|f(z)|}2 = (HEHJEJ +( éywé_y)
Ox oy | F P

[u%+ugjz+( u%+ 6‘u]2
ox

o Ox
| Fi2) P

(Using C-R equation)

oo (2]

LA P _ '
2 2 S

Verify that the function on u,(x, ¥) = xy is harmonic and

find its conjugate harmonic function. Express u + iv.as an analytic
function f(z).

uw=x*-yi_y

u(x, ¥y = xy
e - a5
= oy - 22 Lo
Ox e
[9:73 . &u
— =X S =0
oy a2
For a function to be harmonic, it must satisfy Laplace equation.
62 8%u

Hence, function u(x, y) is harmonic.
Using Cauchy-Riemann equation,

duw _ B Gu _ dv

& oy v
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Total differentiation of v iz given as,

dv = @dx+@dy = —xdx + vdy
[2:
2 z
v = ; + 12- e
u© and v are said complex con_]ugate
Again, =x%—32_y
o _ o, o~ 9y
ox &y
Using Cauchy-Riemann equation,
du _ év Ou v
= and, — = - ——
O Qy av o
o [#.2 ;
dy = de +gdy =(2y + 1) dx + 2xdy = d(2xy + x)

v=2xy +tx+c
Then, Ax, vy =u+iv={"~y> -y} +i{2xy +x + )

Show that v(x, ¥) =e™ (x cos y + ¥ s5in ¥) is harmonic. Find

its barmonic conjugate,

v{ix, y) = e* (x cosy +y siny)

g =—e " (xcosy+ysiny)+e* (cosy)

fa,%) . .

5_)’ =e®(—x s8Iy +y COSy + sin y)

7o . .
o T [—e*(xcosy +ysiny)+ e (cozy) -e* {cosy)
[4

& .

_[:)yz =e*[-xcosy +(cosy—y siny) + cosyl

=eT[2¢cosy—ysiny —xcosy]

P v . .
e + o =e*[xcosy +ysiny—cosy—cosyl

+e*[2cosy —-ysiny +xcosyj
=e*[xcosy+ysiny—2cosy +2cosy~ysiny
- xcosy]
=0
Since, v satisfies the Laplace equation hence v is harmonic function.

A Su (av] ( c?u]
= == —dy = | |dx d
du - ox + A ay + e g

4-14 F (Sem-2) Complex Variable Differentiation

du=[e*(—xsiny +vcosy +siny)] dx
+e*[x cosy +ysiny —cosyldy

= I e " (~xsiny + y ¢08 ¥+ sin yldx

y=cont

j- e “(xcosy + y sin ¥ — cos Y)dy

x=conl

—fe"’xsinydx+y COE ¥ _[e"‘a'x + 8in y_[e"‘ dx

=
Il

+ xe Icosy dy + e“_[y sin y dy — e""_fcos ydy
u=—{-2re®)siny—e"ycosy-e*siny +xe*siny
+eT(—yecosy—ysiny)—e*siny
Qa:é‘“smy-—e"ycosy-e"smy-!—xe"‘smy
—eTycosy—eFysiny—e*siny
u_3xe—“smy ZeFyecosy —e*ysiny —2e¥siny -
Here « is the harmonic conjugate of v.

.

Find an analytic function whose imaginary part is

e* (v cosy+ysiny).

Let Az) = & + iv be the required analytic function.
Here,v=e™ (x cos y + y sin y} .
' v . .
5 =eF(—xsiny+ycosy+siny) =y, (x,y)
5;% =e*cosy—eFilxcosy+ysiny) =y, x, ¥}

v, 0=0,y,(z,M=c7 -2 z=(1l-2)e~*
By Milne's Thomson method,

flz) = _([q.'l(z,U) +iy,(z,0dz+c = i_[(l—z) e dz+ e
([ = 2)-e™) - [(-1N-e*)dz |+

= ([(z-1De™ +e]+c

flz) =ize ™ +¢

Find t]:li‘.:- analytic funetion whose real part is

e2* (x cos 2y — y sin 2y).

i = e2% (x ¢cos 2y —y sin Zy)

—= = &2 (cos 2y) + 2e%* (x cos 2y — y sin ) = ¢;(x, ¥)
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ou

= %[ 2x sin 2y — 2y cos 2y — sin 2y] = ¢, (x, ¥)

On replacing x by z and y by 0,

fz)

fz)

Now,

On integrating,

Now,

Il

[#(z,00dz—i [, (2,00 dz+0
[[e* cos 0+ 2¢™ (2)] dz ~ [0 dz +c

n

1 2 221
_[(ez‘+22e2‘)c.{z+c = §e2’+2[zez —54 tre

i

=zezz+c

If 2 = 2x%y — 3% find the analytic function fz) = &z + iv.

u = x%y 3
ou [+7)
22 = Bxy, — =3x2_-3y%

du dv [ au] [au]

dv = — Py =|-Llax+|Ela

v a’.x-i—aydy By + o ¥
duv = (—(3x? — 3¥)dx + 6xy dy

v = fadx  + I dy

{3 a= canatang} {lgnoring tarms o 2 )
v = j(3y2—-3x2)dx+0 =3xy?—x"+¢
w+ v = 3x% —¥3 + i(3xy?2 —a3 +¢)
= [3x2y — 33+ i(3xy2 — 2] + ic
= —i(x% —iy® — 3xy? + Bix%y) + ic
= —ilx +ivP +ic =—iz% +ic

w+iv=—iz3—¢e)

Show that e” cos vy is harmonic function, find the analytic

= e cosy
57 . 5% o
— =e%cos = 5 =& cos
(=1 4 o ® Y
o 2
S o Su s
— = —e&'siny = —5; =—e‘cosy

oy ay®

4-15 F (Sem-2)

4-16 F (Sem-2)

Complex Variable Differentiation

Fu  Bu

Since ?’}x_z + gz— =0, therefore u is a harmonic function.
Let dy= 2 g s P gy
o av
= (-— %5) dx + {gyy—] dy (By C-R equation)
=e¢*siny dx + e* cosy dy
=d (e* sin ¥)
Integration vields,
. v=e*siny+e¢
Hence Az)=u+iv=e"cosy +ile” siny + ¢)

Find the harmonie conjugate of u.

73

ou

ox
u
u
ay?
2 2
-2:’; -+ %y_;{ = {, hence
Now, dv

dv

dv =

Integration yields, v

Show that the function « =

a?

e(cosy +isiny) +¢; (where ¢, = ic)

=e”+iy+cl=ez+c

-

log (2 + ¥%) is harmonic.

b |~

1
= = log (x2% + v2)
2 g ¥

- x fu__ ¥
*+yt Ty x4y
22+ 5% 22 y%—a?

(I2+y2)2' (x2+y2)2

x2+y2—2y2_ x? _ y?

[Ca N S R N

#z is harmonic.

v dv Jre ut

= — dx + dy = -2 gy 3+ 22 g
& oy Hy ¥ o 4
- X
= ———dx+ — d
x? + 32 * x% 4 y? ¥
_ i&’ié'_y_dxfd{tan "(Z_J ]!
x2+y2' I l\34: ]
= tan—? [—Jf) +c
x

This is the required harmonic conjugate function of w.
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If £ (2) = g + iv is analytic function and z — v = ¢*

(cos y — sin y), find £ (2) in terms of z.

u + v = fiz) ...(4.24.1) .

(e + iv) = (=)
iu —v = iflz) ..(4.24.2)
On'adding eq.{4.24.1) and eq. (4.24.2),
v—v+ilu+v)={1+1i) A=)

T+ iV=F(
Where, U=u—v=e¢icosy—siny)
V=u+v

(1+1) A=) = F()
Now using Milne’s Thomson method,

ﬂ“ttl:e‘(cosy-—siny)
Ox

So, ¢,(z, 0) = ¢* (cos 0 —sin 0)
b, (2, 0)=¢°

Now g =¢,=e" (—siny- cosy)
$, (2, 0) = e* (—sin 0 — cos 0)
d, (2, 0) = —¢&

According to Milne’s Thomson method,
Fiz)y= [{4 (2,0 —i ¢y (z,00dz+c
= [e"+ie")dz+ C = fe* Q+Didz+e

Fey=(1+i)es+c
or (1l+3fa)=(1+D e+

= [
— +_'_
o= et

Determine an analytic fanction f{z) in term of z if

gin 2x
+

e? — 2 cos 2x.
e™

u+o=2

let Azl =u + iv
: if{z)=1iu -v

A+ D A2)=(e—v)+ il + v}
Fzy=U+1IV

4-18 F (Sem-2) Complex Variable Differentiation
Where, U=@w-viandV=u~+v
Hence, V=u+uv= 25+;2x+e2-”—2c082x
: A :

ﬁ 4 cos 2x

Now, o T — + 4 sin 2x =y, (x, ¥}
and % - %4_ Da2y ;wlcx;y)

W (z,0)=—48in22+2
yolz,0) = 4 cos 22 + 4 sin 2z
By Milne's Thomson method,

Pz} = I{wl(z,()) +iy,(z,0ldz+e .
= _[{(——4 sin 2z + 2} + i(4 cos 2z + 4 sin 22)} dz +c

[4 cos 2z A [451’11 2z 4cos 23)
= |— +2z2+i - -{+c
T2 J 2 2
=(2coszz+22)fi(2sin2z-2coszz)+c
or I+ A2)=(2cos 22+ 22) + i (2sin 22 — 2 cos 2z} + ¢
or flz) = 2(c032.?:+z) 2i(si112z-—cos_22)+_r:
A+ A+ 1+

Multiply and divide by (1 ~{) on RHS, we get

2(cosZz+z)[1—i]
1+ i) 1-i

ﬂz) =

. 2i{sin2z—coszzz(1—i]+_c [1-_5]
(1+1) 1-: 1+:\1-—:

2{1--i){z+cos2z)y 2i(1l-i)(sin 2z — cos 2z) .
= - + - Yo
12 _;® 12 _ 42 1

{Where, ¢; = Constant}
_2{1-i¥({z+cos22) 2i{l -7)(sin 2z — cos 22) (g2 =
= + - + ¢ SEE=—1)

2 2
={z + cos8 2z} - i(z + cos Zz) + (z + 1) (sin 2= — cos 2=)
=(z + c08 27 + sin 2z — cos 2z} + i{— z — cos 22 + sin 22 — cos 22)
Az) = (z + sin 22) + i(sin 2z — 2 cos 2z — 2)
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CONCEPT DOUTLINE

Conformal Mapping : A mapping w = f{z) is said to be conformal if
the angle between any two smooth curves ¢, ¢, in the z-plane
. intersecting at the point z, is equal in magnitude and sense te the

angle between their images ¢, , ¢, in the w-plane at the point o= flz,)

z-plane w-plane
¥ v
c
T 1
Zp -
Lanni A

[0
General Linear Transformation : General linear transformation
or simply linear transformation defined by the function

w=fz)=az+b ...{1)

{a = (0, and b are arbitrary complex constants) maps conformally the
extended complex z-plane onto the extended w-plane, since this function
is analytic and f(z} =a = O for any z. If ¢ = 0, eq. (1) reduces to a
constant function.
Special Cases of Linear Transformation :

i. Identity Transformation:Inthis,w =z forg =1, b =0, which
maps a point z onto itself.

ii. Tramslation : In this, w = z + & for a = 1, which translates
(shifts) z through a distance [0 ] in the direction of b.

iii. Rotation : In this, w = ¢ + z for a = e'®, b = 0 which rotates
(the radius vector of point) z through a scalar angle 0,
(counterclockwise if 8, > @, while clockwise of 9, < 0).

iv. Stretching (Scaling) : In this, w = gz for ‘¢’ real stretches if

a > 1 (contracts if 0 < @ < 1) the radius sector by a factor a’,

State and prove condition for conformality.

ket
Statement : A mapping w = flz) is conformal at each point z, where fz)
is analytic and /() = 0.
Proof : Since fis analytic, f’ exists and since f' = 0. we have at a point z,

4-20F (Sem-2) Complex Variable Diﬁ'erentiation

2, + Az)— f(2)
: Az

Ar—0

Roeieo =f'(zo) = lim f(

So

Since

Asi
arg Aw = arng+argAz

As Az — 0, B=0,+a : _
Thus the directed tangent to curve ¢ at z, is rotated through ap g, |
8, = arg f "(z,), which is same for all curves through z,. Let o, o gbg
angles of inclination of two curves ¢; and ¢, and 8, and B, bezthe
corresponding angles for their images S8, and S,,. _

Then B;=0o,+06, and P,=oa,+0,

Thus Bo—Bi=ag—a, =Y

Hence, the angle y between the curves ¢, and ¢, and their imageg g and
8, is same both in magnitude and sense. 1

Show that circles are invariant under translatioy
»

rotation and stretching.

AL i

Linear transformation preserves circles i.e., acircle in the z-plane undey
linear transformation maps to a circle in the w-plane.
Consider any circle in the z-plane

Al + vy )+ Bx + Cy+ D=0 44,27 1)
Let w=FfAz)=az+b ’
From above v+iv=w=az+b=alx +iy) + (b, +ib))

or u=ax +b,v=ay+b,
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or = 8=b _vob Lo .(4.27.2)
a a

Substituting the value of x and y from. eq. (4.27.2) ineq. (4.27.1), we get

A+ ) + B u+Cv+D =0 . A4.27.3)
Which is cirele in the w-plane.
Where, A‘:i,B‘:B_zAbl,C'_—.C—zAb2

a’ o a
2 2 T
“and D* = D+A(-b1—+2?’2]—-3i—%
. Q@ a a

Thuscircles are invariant under translation, rotation and stretching.

Discuss in brief about inversion and reflection

Consider, w = 1 forz =0 ...(4.28.1)
z
In polar coordinates,
Rei¢ - 1,'3' = _1_ e 4
re r
SoR = 1 » & = — 0. Thus this transformation consists of an inversion in

the unit circle (Br = 1) followed by a mirror reflection about the real axis.

Also |w] = ﬁ So the unit circle |z| = 1 maps onto the unit circle
=

jw] = % = 1. Further the interior of the unit cirele |z| =1 (point lying

within |z] = 1) are transformed to the exterior of the unit circle |w] =1
(points lying outside {w| = 1) or vice versa (Fig, 4.28.1).

¥ u
z-plane 4 1 w-plane

_ ] Find and plot the image of triamgular region with
vertices at (0, 0), (1, 3), (0, 1) under the transformation w = (1 -{)z + 3
(Fig. 4.29.1).

4-22 F (Sem-2) ' Complex Variable Differentiation

z-plane

B(1,0)

u+iv=w=(1—i}x+iy)+ 3
x+iy-ix+yv+3

I

So wlx, ) =x+y + 3, vlx, )=y —x
AtAB v=0,u=x+3,v=—x
=~v+3

or il
) v=3—ugives A* B*
AtAC,x = 0, u=v+3,v=y,

or w=uv+3
: v =u—3 gives A*C* )
AtBC,x+y=1, or substitutingu=(x+3y)+3

H

1+3=4,
) u = 4 givesg B¥(C*
So the image is the triangular region with vertices at. A*(3, 0), B*(4,— 1),

11
C*{d, 1). Let D [Z,Z] be any interior point of ABC. Its image is
D*(3, 5, 0) which is also an interior point of A*B*(*,

w-plane

w= 1 (Fig. 4.30.1).
=z
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X
. 1 x - L
U+ =w=s — = — %
= x5+
7 -vu
SO x = 2 2 ? = k- 2
u +u u’+v
. . u
Since l<x <2 s0l< ——, <2
us+ v

or WH+v—u<Dand 2(2+0v®) —u>0

. 1y, 1 ( 1]“ ., 1
Rewriting [u—Ej +v 4Zandl\u—z +v >E

w-plane

or lw l[{land ‘w l‘:»l

2 2 i 4 4
.. . . . 1 . 1 .
i.e., interior of the circle with centre at 5 0] and radius 5 and extertor

, , 1 .1
-of the circle with centre at [Z, 0] and radius 7z
Thus the infinite strip maps to the region shaded in the w-plane.

Determine and graph the image of |z - af = a under w =z*

(Fig. 4.31.1).

4-24 F (Sem-2) Complex Variable Differentiation

¥ : z-plﬁne

e given region is a circle in the z-plane with centre at (2, 0) and radius
a,f.e., .
z—a=ae® or z=a+ae®=a{l +e")
So L w=z2=a¥1 +e®?=a?1l +cos 0 + i sin 02
= 2a%(cos20 +cos D +isin O cos B +isinb)
Re = w = 2a*% + cos 0)(cos 0 + £ sin 9)
= 2a%(1 + cos B)e*®

© Thus R = 201 + cos 8)
=2a%1+cos¢) (-dp=0)
’ w-plane

CONCEPT OUTLINE

Mobius Transformation : It is also known as bilinear transformation.
Bilinear transformation is the function w of a complex variable z of the
form
az + b
w = =
fz) cz+ d

Where a, &, ¢, d are complex or real constants subjeet to ad — be = 0.
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Properties of Mobius or Bilinear Transformation :
1. Circles are transformed into circles under bilinear

transformation,
2. The cross-ratio of four points is invariant under a bilinear

transformation,

{ How could you determine the bilinear transformation ?

1. A bilinear transformation can be uniquely determined by three given
conditions. Te find the unique bilinear transformation which maps three
given distinet points z, z,, z; onto three distinct images w,, w,, w,,
consider w which is the image of a general point z under this
transformation.

2. Now by theorem 2 which states that the cross-ratio of four points is
invariant under a hilinear transformation, the cross-ratio of the four
point w , w,, w,, w must be equal to the cross-ratio ofz, z,, z,, z. Hence
the unique b111near transformation that inaps three g-wen pomt 2,8, 2,
on to three given images w,, w,, w, is given by,

Gy, —w)ay —w) _ (3 — zz)(zs -z
(e, - ol — w,) (2, —2Xz, - 2,)

T
g% %Ew?{':

1, i in z-plane onto the points 1 + ¥, - i, 2 —- { in the w-plane.

Find the bilinear transformation that maps the point 0,

The required bilinear transformation is
Gu, —w, Yw, —w) - (2, —z,)z; - 2)
w, —w)w; ~w,) (2, —2Xz, — 2,)
(A+i+X2—-i-—w) _ (0-1)i-=2)
A+i-wX2—i+i) (0—2)i-2)
{1+2i)(2—r.2—-w) (i—l)[‘i_z]
2 Q+i—w z
2-i—w _ 208i+ 1)[1'_—_2']
1+ —w 5 z
Solving for w, _
52(2 ~i —w) = 2(31 + 101 + i ~ wIi — 2}

4-26 F (Sem-2) Complex Variable Differentiation

B+ DA+ DG~ 2)— (2 — Dbz
- —5z+ (8i + 2)(i — z)

_ 26+ 30D+ (8+4D)

T 27+ 6) + (6 - 20

or

Determine the Mobius transformation having 1 and i as

fixed (invariant} points and maps 0 to -~ 1.

The Mobius transformation having o and B as fixed points is given by
w= YE-aB
: z-a-B+y.
For a =1, =i, we have

N CAR
T z-1-i+y

Since z = 0 is mapped to w =~ 1,
4l 0-i
O0-1-i+vy

or vy=2i+1

Thas the requlred transformation is
_ @i+ Dz—i

Z+i

Find a bilinear transformation which maps the upper

half of the z-plane into the interior of a unit circle in the w-plane.
Verify the transformation (Fig. 4.35.1).
v z-planc

4 _

Suppose any three points in the upper half of z-plane say A :—1, B : 0,
C = 1 gets mapped to any three points in the interior of the circle
|ee] = 1in the w-plane, say A :—i, B": 1, C" : i. Thus the required bilinear
transformation is the one which maps — 1, 0, 1 from z-plane to—7, 1, i in

‘the w-plane.

Now according to cross-ratio property,


mailto:BIIl�����@�""0��.�.1

dathematies - I

4-27F (Sem-2)

(z, —z,)(2; — )

(o, —w, ) w, —w) .

(z, — 2z, — z,)

—1-0)1-2)

(—1-2X1-O
1-=z
oF 1+z

On, solving, i

Verification: {w]|

or i — =]

=

(w, — wlw, —w,)
(i - 1)~ w)
(—i—wli—-1)
1+ i

i+ w

r—Z

i+z
P—z
I+ z
£ + =z|

=1

JEE - 2 Yx2+A+y)

4y =0

Thus the bilinear transformation w =

==z
i+z

transforms interior of unit

-cirele in w-plane onto the upper half plane in z-plane.

Also, |

Fory =0, {w]| =

the unit cirele [w| =1

xE+1
x*+1

li—2| [=*+0-—y)

li+2| V2 -+ P

= 1. Thus the real a.ms(y = 0) gets mapped to

w-plane

Clomplex Variable
Integration

5-1F (Sem-2)
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CONCEPT OUTLINE

Contour Integral : If the initial point and final point coincide so
that C 13 a c¢losed curve then this integral ig called contour integral

and is denoted by gt.)cf(z) dz

If Az) = _u(x,y) + fo{x )
since dz = dx + idy

[ F2dz = | (w+iv)(dx+idy) = L(udx— v dy) +i (v dx = udy)
which shows that the evaluation ofline integral of a complex function
can be reduced to the evaluation of two line integrals of real functions.
Cauchy's Integral Theorem : If Az) is an analytic function and £ '(2)
is continuous at each point within a simple cloged curve C, then

gf) fladz =0
o

For multiple connected regions,

<j-)f(z)dz = (j)f(z)dz
£ : [

when integral along each curve is taken in anticlockwise direction.
Cauchy’s-Goursat Theorem : Cauchy’s theorem without the
assumption that £ '(z) is continuous is known as Cauchys-Goursat
theorem.
Cauchy’s Integral Formula : If Az) is analytic within and on a
" closed curve C and if a is any point within C, then
r (z)
fla) = 2m d-) (z— a)

Cauchy’s Integral Formula for Derivative of an Analytic.
Function : If a function f{z) iz analytic in a domain [, then at any
point z = a of D, Az) has derivatives of all orders, all of which are agdin
analytic functions in D and are given by '

f(z)

2 I. (z_-a)n-i-l

Where C is any closed curve in D surrounding the pointz = a.

Mathematics-l; . 53F (Sem-2)

State Cauchy's Integral théorem and derive it.

A, - Statement : If Az)is an analytic function and £ '(z) is continuous at each
point within andon a simple closed curve C, then

(ﬁ Ffledde =0
B. Proof: Let R be the region bounded by the curve C.

9]

EE

Let, - A2y = ulx, y) + fvlx, y), then'

g

$ F@)dz = $ u+iv)dx+idy)
= §, (wdx—vdy)+if_(vdx +uddy) {511
Since 7 '(2) is continuous, the partial derivatives @ @ @ v are also
Ty o’ By
continuous in R. Hence by Green’s theorem, we have
v Su du  ou

(2)dz = [—‘———]dxd + [—__ _] dxdd (5,12
§, 7= - [f, (2Pt 512

Now f{z) being analytic at each point of the reglonR by Cauchy-Riemann
eguations, we have :
(5,73 du and du  du

Ox oy E -
- Thus, the two double integrals in eq. (5.1.2) vanish.

Hence (ﬁc Ff2)d==0

Siate and prove Cauchy’s integral formula.
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Complex Variabie Integration

Statement : If f{z) is analytic within and on a closed curve C and a is
any point within C, then o
1 fiz)
= — ¢ ——d=z
fla) 2ni E-f")t“.'z—f.l :

Proof: Consider the function RiC2 , which is analytic at every point

within C except at z = a. Draw acirele C with « as centre and radius p
such that C, lies entirely inside C. Thus fl=z)y is analytic in the region
z—a
between € and C,.
C

Elna

- By Cauchy’s theorem, we have

$ VAC I $ 2 4, (5.2.1)
o [od T —a .
Now, the equation of circle C| is |z~a | =porz—-a=pe

S50 that dz = ipe®™ d6 .
(}’)C f(Z) - Izﬂf_(a+|38 ). ipe® dO=1i I:Kf(a+pew)de

Lz 0

]

Hence by eq. {5.2.1), we have

.2 f("‘) dz = i fla+pe®Xd0 (5.2.2)
In the lim1t1ng f'orm, as the circle £, shrinks to the point a, ie.,
p— 0, then from eq. (5.2.2),

$ L2 4 _ ;;jz"f(a)de —if(a) | dB = 2rif (a)

2—a
FACIR

Hence fla) = 2m o

Mathematics O 5-5 F (Sem-2)

State Cauchy integral theorem for an analytic function.

Verify this theomm by integrating the function z* + iz along the
boundary of the rectangle with vertices 1,- 1,i,-1.

aucs Integral Theorem : Refer Q. 5.1, Page 5-3F, Unit-5.
B. Numerical:

[frdz= [ Fdde+ | f@de+ [f@de+ | Flo)de
[ AB BC ch DA

[ f@ydz = [x+ip)® +itx+in(dx+idy) =0 ..(53.1)
s _
f Ff@rdz = [((x+x—1DP +i(2x-1){2dx}
BC
0 _ Ce
=2f{@x-D*+i@x-Djde=~i .(5.3.2)
) .
[rodz = [[{x+iGriz+d}P +iCim+d]@=0 ..(533
[#2)
[ o dz = 2f[{x—iGx+ P +i2x + 1] dx
DA
4Y
/C X
L2 — X
(- 1,0 1, m
aft, -

1

2]‘[(2x+ P +i(2x+ Didx

)
2[(2x+1) L, 2x +1)] _; (5.3.4)

8 2
From eq. {(5.3.1}, eq. (5.8.2), eq. (5.3.3) and eq. (5.3.4}, we have
jf(z)dz =—i+ 0+ 0+¢=0(Hence proved)
c



56 F (Sem-2) Complex Variable Integration

boundary of the triangle with the vertices at the points

1+i,-1+iand-1-¢.

$fde = [f@de+ [ F@de+ [ fl)dz (5.4.1)
o AR BC T CA

Along AR, y=x,dy=dx
fz) = g% = =+
Ax) = gl + i

I f(z}dz Jl'ei(l-fi)x (dx + id’:ﬁ)
s It

gl v T Gi+1)

- = F—1_ —i+3
1+8 1:i(1+i) G-D € ]
Y

o 4 :
(—1+D o (L+d

C|’ ] B
- - X

Along BC.y =1,dy =0
-1 i 1 ; ;
fﬂz)dz = Ieﬂxﬂ'}dx:e—l Ie”‘dx:;(e' — &'
R 1 1

_AlongCA,x:—l,dx:O _
_1 -1
If(.z)dz = _[e"“l”’“’ idy =ie™ Ie"’ dy
cA 1 +1

= —jet(el—e D=—ie(e—eD

From eq. (5.4.1)
- 2 i - i ) .
@f'(zidz = ("‘_"'1_)_[6__83-!14_5___3___59-'94_1‘3_
b e

-2 ie ie e
. g e—| e! ~ et
= _ ¥ ieetai-—Z —dee+—
e ie ie . Cia
= —jei—1 piet+l _jet-tyiell—de *t]l e

0 (Hence proved)

$ iz dz

Verify Cauchy’s theorem by integrating ¢’ along the

" Mathematics - IT 57F (Sem-2)

State Cauchy’s integral formula. Hence, .

_E(i‘”_z,where Cis {z|=1
z" — 4d)e

Evaluate cf)

A Caunchy's Integra! Formula : Refer Q. 5.2, Page 5-3F, Unit-5.

B Numenca.l. ]

;[_.ﬁt,- . . I= @ 2(2 D’ = |z| =1

e dz
1= i)zz(zz —4)

Poles are z = O{of order 2), z = + 2
z = 0 is the only pole which lie inside C.

e /(22 —4) df et
1 I g [ 4]

= om [—(z —4)e™ —2ze“]
z =D

(2% — 4°
| —4+0
I=-—2ml: 16 ]
-
2
) 1 praa
Th —_——— dz =
e fz”(zz 2 2

State Cauchy’s integral formula. Hence evaluate :

_[ 2z+ldz,whereCis lz] = 1.
zt+ z 2

o

A. Cauchy Integral Formula : Refer Q. 5.2, Page 5-3F, Unit-5.
B. _Numerical H
Poles are given by 22 +2=0,2=0, -1
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izl % is a circle with centre at origin and radius :‘i FPole =z =
- . 1
enclosed in |z| = 3
' 2zl
: X 12
I 2z+1 o _ f 2+l [ z+1_:|
v zlz+) z z+1 ]
2z2+1 ds = 2
4 z(z+ 1)

e .
I —z 7 dz=2ni sin £if £ > 0 and C is the circle jz| = 3.
c2*+1

Poles of the integrand aTe given by
ZZ+1=0,z=zxilorderl)

The circle |z| = 3 has centre at z = 0 and radius 3. It encloses both the

singularities z ={ and z = - ¢.

. o

¢ (z+iXz—1)

(=), G

:j —Z_I_ dz+| . Z+Ldz= + 27
Gz 4+1 Gz z—1d ) Lz—z

=n{e¥ —e ™) =2 sin £

Now ,J —f—dz =
czt+]

o

| - _Eg_a__ll_lﬂg.l_tgﬂby Cauchy’s i}iié—éral- formula

S
‘f) kzz — dz,. where C is the circle |z] =
C(z+ DG+ D _

2%~ 92z B
< (z+ 1P (2% +4)
The poles are determined by putting the denominator equal to zero.

(z+ 12+ 4 =0. .
z=—1,—1andz==2¢

Here, we have
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The cxrcle fz|=3 with centre at origin and radius = 3 encloses a pole at

2 =— 1 of second order and simple poles z = + 2i. .
Let the given integral = I+ + I ...(5.8.1)
: 22— 22
z2 — 2z 2 +d
I = P e S—— = -
1 jcl +12 2+ ) azrnE
a d z% -2z
=M 224 | N
o [(z +4) (22 —2) ~ (2 — 22)22}
= ]’[ z
(22 +4) ) I
= 2 (1+4}(—2 —2)— (1+ 2y 2(-1)
A+ 4)?
- o ( 14) - 28 i
=dm | — — -
25 25
2?2z

(z+ 13 (z + 20) zz;zé .‘
J(‘z (z— 2i) m[(z+1)2 (z+ 20

i — -4 _opy 8D
(28 + 1% (28 + 24 4+ 3i

dz=2¢

It

2 _2z

7 = (z+1)_(z—2a)d2=2 . 22z .
: JC" (2 + 20) ™ (z+ 1% (z— 20 T

g Ardi | _,  G-D
-2+ 1" (2i-203] * 7 Bi-
Now puttmg the value of f , I, and I,1in eq. (5.8.1), we get

| ]

— 2z 28 m . 1+ =13
dz = - + 2 [——
C(z+1)2(22+4) < 25 " 4+3i)+2m(35~4)J

14 1+i G-
25 (4+ 30 (Gi—4r

o ( “14 A+ G-+ G- D4+ 30
25 (-9 —186) '

=2m_’,

2
h;rz-{14+(3t—4 3-4D+(4i-3 -4 - 3{)]

3

It
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Bz
3 dz, around the boundary
(z+ 1)

Evaluate the integral I

of the circle |z| = 2.

Poles are z = — 1 of order 5 will lie in {z|=2
Using cauchy i.ntegral formula, we get
j _ 2mi l: a! :l
(z + 1)5 4 [ dzt -
2 . 32ni . 4w
= ——(1662 Yoo = oa € R 307

Bs |

. _ o .
Using Cauchy's integral formula evaluate f(—z—_'_?)sz .
L4

where C is the circle jz] =3.

. { |1t
Same as Q. 5.9, Pagé 5-10F, Unit-5. | Answer : 5;%‘] ,

Evaluate’ J'(l(;z—z)sz;—;:i dz, where C is the cirecle

jz—i| =2 counter clockwise.

(1+z)sinz dz

The given integral is-
& Lo Yy -
Poles of integrand,
(22 — D% =
3 3
z= = =
2°2

Pole lie inside the circle of radius 2.
By Cauchy’s integral formula,

(1+z)sinz | d :
I_(Qz—-—3)2 “dz = 2n;[£—i;(1+z}smz}

== 352

25 (L +2)cosz + sinz], .

I

.3
2 [%cos.—g + 51N EJ

It

. Mathematics - IT '5-11 F (Sem-2)

+i

Ewvaluate I (z)? dz , along the real axis from =z = 0 to

: A
2z =3 and then along a line parallel to imaginary axig from z = 3 to

3+ F+i

| @rPde = [ x—iy) (dx+ idy)
° i

fx*dx+ [ (3—iy)* idy
Q24 AB

Along OA,y =0,dy =0, x varies 0 to 3
Adong AB, x=3,dx =0, andy varies O to 1

I+i
372 1
I(Z}zdz fx dx+I(3—zy)"‘ idy = [53-} +i [(9 - 6iy — y')dy
)

[i]

x* 3T _ 27 [26 i
= |2 siloyogn: Y | =22 =8 = 261
[3£ 1: Y Ly " g l 3 +Lr: 3 3;:[ 12+ 3

Integrate fiz) = Re(z) from z = 0 to z = 1 + 2i, (i) along

straight line joining z = 0 to =z < 1 + 24, (ii) along the real axis from
z=0to z =1 and then along a line parallel to imaginary axis from

z=1toz=1 + 2§,

A 19 2
i [[7f@rdz = [ "Retzrdz
Equation of OB is,
2-0
0= o (x—
1-0 (x— 0
y =2
dy =
z=x+ iy

dz = dx + idy = dx + i2dx
1+
{ Re(z)dz = on(dx+idy)
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Complex Variable Integratioh

.

1 . el NES ' 1+2
- Iﬂx(dx+2ad.r)=(1+2z) joxdx=(1+2z)[-§]o =73
) .
i B=1+32
O ~*

[fiydz = |, Rel2)dz + [, Tmi2)dz

1 i X
1 2. x? — 1 . 1+4i
= Lx dx-+-j0 1(£dy)=|:?}o+;[y]o E §+ 2;=_2—
oy .
o
Evaluate :

Consider the integral Lﬁ dz = L F(2) dz where C consists of
T 2 v

The real axis from r to K.

The upper half of the circle Oy : [z| = R,

The real axis— R to—r,

The upper half of the circle C, : |z{ = r (Fig. 5.14.1)

Since flz) has no singularity inside C (its only singular point being a
simple pole at z = 0 which has been deleted by drawing C,),-we have by
Cauchy’s theorem :

[¥ feode+ | fidz+ | flodx + | florde =0 (514D

Mathematics - II " 513 F (Sem-2)}

n pimfEleos 0+ Lgin 8) ,
g Riedo [+ z=Re®

= i-[u"e.'nmmsensin'e) de IR

Now |, flx)dz =

Since |gimficest +isin a)"";J—e-ma_sing imResb] = o~ mE gin @
. R eniZ .
I, (@) dz|< [ e mmame g = 2( e o0 o
R : R -

_ 2-“:"28_ 2mROIE g [ for 0 £ 6 < /2, sin 6/6 = 2/7]

" = E_(1-¢ ™) which — 0 as R — =,

mR

Yi

Also .[c fl2)dz = ,{I:efmrtoosenme) Jde '—>.i'[od9 (e imadr 0
Henece as r —+ 0 and B — «; we get from éq, (5.14.1).
I_:f(x)dx +0+ _[_omf(x)dx —im=0

imy
e

dox = in L (5.14.2)

ov |7 floddx =inie. |
— = ) A
Equating imaginary parts from both sides,

= sin mx
I ——dx=x
—m
«sin mx T
Hence ID = =

CONCEPT DUTLINE

Taylor’s Series : A function Alz) which is analytic at all points within
a circle C with centre at a can be represented uniguely as a convergent
power series known as Taylor’s series.
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flz) = iau(z —.(.Jt)"

Where, a fn (a) . N

Laurent’s Series: If fz)is analytlc ingide and on the boundary of the
annular (ring shaped) region R bounded by two concentric circles C,
and C, of radii r, and r, (r, > r,} respectively having centre at a, then
for all zin R

o

ﬂz). = > az-agr +ibn(z —a)y™”
n=1

n=0
1 )
Where, a = o 01(11)——W dw
and b= L g fw o

" 2 Y6 (w — ay
Liouville’s Theorem : If f(z) is entire and ] ﬂz) | is bounded for all z,

then flz) is constant.

1

2 _8z+2 in‘the region 1 < |z]| < 2.

Expand

-1 . -1
- 1 =1 1 _ _1(1__5) _l[l_l)
ﬂz)_zz—3z+2 T (z-2) (z-1) 2 2/ =z z

1[1 z+z2+zs J 1[1+1+1+ J
= —=l1l+=+——+—..]—— B s S
2 4 8 z 2
After rearranging, we get,

about the point z = 4. Find its region of convergence.
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Ifthe centre of the circle is at z = 4, then the distances of the singularities
z=1andz =3 from centre are 3 and 1. ]

Hence if a circle is drawn with centre at z = 4 and radius 1 then within
circle |z — 4| = 1, the given function fz} is analytic hence it can be
expanded in Taylor’s series within the circle |z —4| =1 which is therefore
the region of convergence.

o z=1 =2 =3 z=4 -
X
1 1 1
fz) = {z — §|iz—4+1_z—4+'_.3_:|-

) 1 n n. - ey
Az) = ELZ-‘E:(_D (z—4) —52(—1) [ 3 ] }

' Find the Taylor series expansion of the function tantz

about the point z = »/4.

Az) = faﬁ‘lz

D |
fr@ = 14+ 22

gy = — 2%

fe= a2y

ey = A+22P 422 A+29| __,|1+2°—42| 2@ -1
f&)_uz[ 1+ 2%y =-7 a1 +z%? (1+z%3

f,&] — tanl [E) - 0.6658, f* [g =0.6185

p (E] - 200.785 __ 4 60087
4 2.6142

Thus,
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(--2)
. N z —
tan-1z = 0.6658 + (z - —) (0.6185) + —2:‘— (— 0.60087) +....

Find all Taylor and Laurent series expansgion of the

following function about z = 0 :
- —2z+3

flz) = zP—%z+ 2
—2z+3 1 _ 1 .1 5181

fe)= o gar2 =~ z-1 z-2° (l—z)+2[1 ZJ
_ -Z)

1. 1 2"
={1—-2z2rly |1-Z=
. 2 2

Now expanding by binomial expansion

. -] 3
f{z): (l+z+22+2%+ .0+ -;—[:1+§+[%] +[§] +J

or fiz) = Z(l)"z“ +—Z(1)”[ ]

ne=i)
This is the Taylor s series expanswn of given function.
Eg. (5.18.1) can also be written as,

)

= Z
Now expanding by binomial expansion we get

o=~ a2 (H (Y e 2 (B (]

1& 1 1 AN
y= _lsgp i 1 1n[_]-
=z zg()z" zgt) ;

This is the Laurent’s series expansion of given function.

Find the Laurent series for the function

2
Az) = 7z"+9z-18 , 2 is complex variable valid for the regions

z? -9z

i. 0<«<|z|<3 ii. [z]=3
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2 p—
Az) = Tz +9z-18

: 2° -9z
Using partial fraction,
i*+9z-18 _ A, B _C
z* —9z Tz z-3 z+3
A 722 +92-18] _ -18
T (z-3}z+38)|_, —3x3
2
B= T2 +9z-18 —4
z(z+3) ez
= 7z +92-18 _
2z-3) | _
i 0<|z|<8
Rearrangement of function fz),
' 2 4 1[ zJ_l
fAz)= Z——+—| 1+
z 3[1_EJ 3 3
3

2 4 2Y' 1 zY?
= 2-Z21-Z= “f142
flz) = 3[ 3] "3 3J

= 2533 R E)

o= 2+ ( ) [H_]=§+§[1_g]‘1+g[1+gj“

i |z|=38

1.2
Z
2 4
£, = 2142 1
o= 2e25(2) e ()
Expand f(z) = m in Laurent series valid for

i. {z-1|>1and i.0< [z-2] < 1.

1 2
z-1 =z-2
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i Jz-1]>1

-1
1 2 1 2 1
)= — = — 1 —
e z—-1 (z-1D-1 =z-1 (z—l)-[ z-l}

z-1 (-1 z—1 (z-1F 77
1 = 1
ﬂ2)= 2_1_'2’;( _l)rn-l
ih O0<Jz-2]<1
_ 1 - gy %
o= el zoz ey
2
=11 i _ C 92y 2Py ] —2
f2)=[1-&-+( 2) E-20+..]- —5

2 & N
- fle) = Py +§o(-—1)" (z—2)

Find the Lanrent series expansion of

Tz—-2

e | Ith i 1= +1] < 3.
z(z+1)(z+2)m € reglon = |

flz) =

Same as Q..5.20, Page 5-17F, Unit-5.

( = 1 9 = )
LAIIBWE!’ H f(z)= — ,.;)(Z—-O-l)ﬁ + m -8 ’;WJ

CONCEPT OUTLINE

Singularity : A singularity of a function £z) is a point at which the
function ceases to be analytic.
Types of Singularities :
i Isolated Singularity : If z = @ is a singularity of f{z) such that
Fflz) is analytic at each point in its neighbourhood (i.e., there
exists a circle with centre ¢ which has no other singularity),

then z = a is called an isclated singularity.

Mathematies - IT
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In such a case, fiz) can be expanded in a Laurent’s series around
z =a, giving .

D =a,+az~a)+a,z—aP+..+a_z—a ' +a (z—a) ?+....(1)
For example, flz) = cot (r/ z) is not analytic where as tan (x/z2)
=0ie.,atthepointsn/z=4dnorz=1nin=1, 2, 3,....).
Thusz=1,1/2, 1/3,.... are all isolated singularities as there is no
other singularity in their neighbourhood. _

But when n is large, 2 = 0 is such a singularity that there are
infinite mimber of other singularities in its neighbourhood.

Thus z = 0 15 the non-isolated singularity of f{z).
Removable singularity : If all the negative powersof (z—a)in

eq. (1) are zero, then fiz) = Z,,a" (z~a) Here the singularity

can be removed by defining Az) at z = a in such a way that it
becomes analytic at z =a. Such a smgulanty is called removable
singularity.

Thus if lim exists finitely, thenz = a is a removable singularity.

Poles : If all the negative powers of (2 —a) in eq. (1) after the nt
are missing, then the singularity at z = a is called a pole of order
n. A pole of first order is called a simple pole.

Essential Singularity : If the number of negative powers of
(z — @) in eq. (1) is infinite, then z = a is called an essential

singularity. In this case, lim Az) does not exist.

Zeros of an Analytic Function : A zero of an analytic functlon fiz)
is that value for z for which flz) =

following functions :

Ft

z—sin z
——
1
(z+Dsin — -
-2
1

cos z — sin z

. 5-19F (Sem.2)

Find the nature and location of singularities of the
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Here, z =-0 iz a singularity.
Al z—Sinz_l [ 22 2 2 ].__z 2 2
T TEUTETm e Ty T e T w T a
Since there are no negative powers of z in the expansmn z=0isa
removable sinpgularity.
- .1
. (z+1)sm%=(r+2+1)51n? Where,t:z—2
: z - .

{11 1
(”3){?_3153 TEe _}

e Y L )
- 314% 51t ) N 2 Bl T

t 6t 2% 1204 i
3 1 1
=1+ — -

+
z—2 6(z-2)7 2z-2
Since there are infinite number of terms in the negative powers of
(z—2), z = 2 is an essential singularity.
1

——  are given by equating the denominator to
cos z —sin z

iii. Poles of fiz) =

" zero,i.e.,cos z—sinz=0ortanz=1lorz =n/4. Clearly z —;E is aéimple

pole of fiz).

CONCEPT OUTLINE

Residues : The coefficient of (z —a)! in the expansion of fz) around
an isolated singularity is called the residue of fiz) at that point. Thus
in the Laurent’s series expansion of fAz) around

z=aie,flza) =g, +a, z-a)l+a,z—al+ .. +a, (z—a)'+
a_(z—a)?+ ... ,the residue of z) atz =a isa_,.

Res fla) =
ie., $ F(2)dz = 2ni Res f (a)

[
Cauchy’s Residue Theorem or Theorem of Residues :
If a function fiz) is analytic, except at a finite number of poles within
a closed contour ¢ and continuous on the boundary C, then

N .
'
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$.f(2)dz = 2ri TR
2 Sum of residues of f(2) at its
poles within C

{ Find the residues of f{z) = —; z-3 at its poles. Hence
. 25+ 2z+ 35
h . . =z-3 o . .. .
or otherwise evaluate ¢ . ———— ,where Cisthecircle |2+ 1-i| =2
C2f 42045
z-3

The poles of fiz) = are given by

2 +22+5
22+2245=0 = z=—122i )

Only the pole z = — 1 + 2i lies inside the circle [z + 1 —i|= 2

Residue of flz)at 2z = — 1 + 2i is

= lm (z+1-20) A=)

= i E—adz-3) B [ a0
= ;3’1_1}32‘—zz+—2215— ,wherea=—1+2{| 1 orma

= ]im(i__a)L(z__S) " (By L’ Hospital’s Rule)
2 24+ 2

a-8 -142-3 -2

2a+2 -—2+4i+2 2

By Cauchy’ residue theorem,

_z 3 fi-2 .
(j’czz+2z+5dz = Zm[ 5 ] =m{f — 2)

( z+1%(z - 2) and hence evaluate#: F(z)dz where Cis the circle

lz-i| =2.
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Poles of fiz) are given by
(z + 1).2 (z—-2)= dz=—1 {Order 2), 2'(Simple pole)

Residue of flz)at z = — 1 is,

1 (df, 2 z2-1
By = <2~1)1[dz{(z+1) (z+1)2<z—2)}],=-1

dfz-1Y] [ -1 o
: dz\zx2)|__ Tle-27]_, o
Residue of flz) at z = 215, o

R,= lim(z-2

}

2L g,z 1
(z+1)P(z-2) =2 (z 4 1. 9

The given curve C' = |z —{ ) =2isaci.m]e_whosecea1t_mis atz=i[i.e., at(0, 1)]

and radius is 2. Clearly, only the polez = ~1 lies inside the curve C.

Hence, by Cauchy’s residue theorem

—1]__2ﬁ
9

$f@Ddz = 2m (R)) = 21:‘;'{?

Determine the poles of the following function and

residue at each pole :

=)=

2
-

(z—1¥(z+2)
L_f(z)dz, where C: |z| =3.

and hence evaluate

Same as Q. 5.24, Page 5-21F, Unit-5. (Answer : 2mi)
Find the poles (with its order) and residue at each poles

of the following funection :

1-.
fiz) = 2z

z(z — 1Nz - 2)°

5

Same as Q. 5.24, Page 5-21F Unit-5. {Answer : Residues are ~ %, -1, Z]

Mathematics - IT ' 5-23 F (Sem-2)

Evaluate [ —° dz, where C is the unit circle |z| = 1.
COS nz :
Here, fiz) = e =. ¢
c0s Tz [1_(12)2 (rz)*
20 4t
. 1 3 5 . 1..
It___]_:las simple poles at z = + Py + 5 + PR of which only z = + 3 lie
inside the eircle |z] = 1.
Residue of fiz) at  z = %is
(z—l)e’
. 1 . 2/° ' ) 0
i 1y D ]
H\z-3 f(2) i QP — Form0

L
2

-1/2
11

Similarly, residue of Az) at z = —IE is
. — n

- By residue theorem,

¢~ dz = 2ni (Sum of residues)

C co= wz
1/2 -1 172 o =172

=2m’[—e + £ -]=—4s[u]=—4isinhl
F 3 T 2 2
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Using calcuius of residue, evaluate the following integral

' T dx
= -,[(:’c2 +a?)
1
Ax) = (x% +a?)?
Poles, (x24+a®Hf=0
= x2+a®? =0
: x=xal

Only one pole but repeated nature.
Residue at x = ai

. » 1
{(x— ai)® x m}l-—n;

1_1[1]2 =[ -2 }
S @-Dde\x+ais | Lxraed® |,

|

S
||

=
| —
B

1

-1 _ 1
- 4a’t  4a’
Using Cauchy’s Residue theorein,

| #(x)dx = 2 [Sum of residuel

_[ 1 dx Znixi_: id

Il

o (x®+a?)? 4¢% 2a°

Using property of integration,
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CONCEPT OUWTLINE

Evaluation of Real Integral of Type

_[ f(cos 8, sin 6)d6, f Flx)dx

21,

Int.eg'rals of the typeff(cose sin )dB, where flcos 6, sin 6) is a

ratmna] functlon of cos 9 and sin 6. -
-1 F'G%
z=z1) ég -t
20 J 4

If(cose smﬁ)de_. c_f) f[z+z s

where Ci 1:_5 a unit cu'cle of |z} =1.

i o

Use calculus of residue to evaluate the f_ollovvii':g integral

T_ T cosx
Y (x* + at)(x®+ b))

€os x
2?4+ a®)x? + BY)
Where C is the contour consisting of the semi-circle Cp, of radlus R
together with the part of the real axis from — R to + R. :
The integral has snnple poles at

z=xal,z=xbi
of which z = ai, bi only he inside C.

We consider _[ dx -_—J Fla)dz

=z
The residue (at z = az).: 1§ - __toeszaz
ZEEJE(Z at) (2% + a2}z + B%)
. . dz . cos z dz
= limiz — ai} cos z . = e eds
e e et a7 1 69 R G T an - 55

_|_cosai 1~ cosai
(ai + ai)(@i)® + 8°) | Zai(b*® - a%)
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. R I L aa cos z dz
The residue (at z = bi) = }zhrg(z bi) 1" — biXe 1 b0
= K cos z.dz _ cos bi _ cos bi
= R T s oz b | (BDF + a®Xbi+ bi) | (a® — bPI2bi
. cos af cos bi
Sum of Residues ) = 5 2r oty * (@@ - b7)20i
_ 1 cos ai . cos bi '—l.__ cos ai . cos bi ]
T 2i| al®® —a?)  bla® - bP) 2i| " ala® - %) ba® - b?)
1[ cosbi  cosai | _ 1 [cos bi _cos ai}
T 2| B@?-bY) ala®-0%)|  2ila®-bH) b a

Using Cauchy’s Residue theorem,
]3 " cos x dx

1 [cos bi cos ai}
)

___eosxax g -
e+~ 2~ b5 b o
. oom cos bi  cos ai]
h Re[uﬁ — b’)[ b ) }

Using complex iﬁtegration method, evaluate

L]

I= j—i_-g—dez —1—1— de
o3 +sin” 8 © 3+ (1~ cos 20)

[-'.Sinﬂgzl__eos 29]
2
T 1
— 9
2 '£7—COS 20
d
Put 20 = ¢, db = 7‘1)
' 2 (L] -
=":[ 1 ‘1’—_[ .1 - ¢[ cosB =t te }
5 7 —cos ¢ ,,7_(9“’+e )
2
i 2 ..(5.30.1)

;l; 14 — (&% + ™) ¢
But z = ¢¢ so that dé = E then eq. {5.30.1) reduces to,
Lz
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1 dz 2 dz
[ =
2J‘C‘ -[0142—32—1

14——[z+~1~] z i
Z

. dz 2
=2 chg 14z + 1 _Ic(z—a)(z—]})dz

Where, « =7+ 4+/3 andp=7—-4/3 [ 22— 14z +1=0]
Here B < 1, so only B lies inside . - .

. . . 2i
Restdue at (z = p) = lim (z -P) < —— S5 _
2i 2i i

T B-o 7-4J3-7-4J3 43
By Cauchy Residue theoren, '
J' 1 40 = 2 ( —f] 21 T

L]

43 243
2. . de .
3-2c080+8in0

73

3 +sin® 0

Use contour integral to evaluate I

[

H [ Em de
ere, = )8 2cos@+sine

= Ef)f(z) dz, where C is the unit circle |{z]| = 1.
o

We know that, z = ¢*® and dG_-%,
'.‘c059=eai +.e_3'- =,22+1
1=$ :;2+11 22 -1 % .33 e 2; 1
o . — —
3_(_z__]+(_2i_z__] and sin® =——— ="~
I= 1 £=E§) dz
tg_g_Y_z2 L iz i 26z2—22*-2~i2"+1i
z 2 2z
_zg e 25 d
i LGE+22° -6z-(G-2) i i+ 2D2?—Bz-2z-(G-2)
- 24 dz _
i 2+ 2)z-8]-1z+E-2)
.2 dz
B . 1
¢ z[(i + 2)=z — 5] — .

G+ 2) [(i+ 22 + (@ — 2Xi + 2}
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é . dz 2 d=
‘”si’ ! 1 == ¢ i-2
[z(i + 23— 5] 2= € [2{i + 2) — 5} z+ -
Poles are (2 — [) and (2;,'} ~The only pole which lie inside C is
. 2—i h
T 5
Residue atz= == = lig{i(z+—J Fiz)
LU T o5 T

By Cauchy’s residue theorem,
@f(z) dz = 2ni (Sum of all residues)
] .

= d6 [1}
—— =2 | —<| ==&
33— 2cos0+s5in 0 :

27

zn o5 30 : 2n €
I, 5+ 4c0s0 Real part of [, 5+2(® +e?)
3 dz _
= Real part of § |—— [wn'ting € = 2, d0 - E]
. [ 5=4

5+2(z+l] ®
z

ZS

1
= Real part of ;Lm dz

Singularities of flz) are given by, (22 + Lz + 2) =0

1
=—=, -2
572
Only, z=— % lies within the unit circle |z| = 1.

a
Z

i 1
Residue of Az) [atz:——] = lim (z + IJ w oo — —
2 c-d 2 W2z + 13z + 2)
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o P 1()(2) L
T 220+ 2) 2%\ 8 8/ 24i

Hence by Cauchy’s Residue theorem

I= cﬁcf(z)dz=2ni[§_‘%]=—%

cos?® 30

Evaluate the integral [——— —__ 46.
’ J-o 5— 4 cos20

Same as Q. 5.32, Page 5-28F, Unit-5. [Answer: g

Zr .
Evaluate : J' L
2 @+ bsing

ifa> |bj|

So that z=e® .. db= E
Iz
Also, sin 6 = L‘(e"B —e )= L[z _ -JLJ
2i 2 z
Then the given integral reduces to

) g me (a2
c bz +2az b~ iz

I= c[a%@[iz

2 dz
b@t’:z2 Qi -1
b
Poles are given by, 2% + %z -1 =0
— 2t + I~ 40® 4
b T B? + —ia bh? _ o
Zz = — = +
2 b b
_ : ’J 2 p2
= bm + Ve B b = a, B (simnple poles)
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where a*-:m+i @ — b andB—*ia i"az—-bz
’ ' B - T s
Clearly, Bl >1
But ap=-1
jlep] =1
lx|fB] =1
jo] <1

Hence z = ¢ is the only pole which lies inside circle C = |z]=1.

Residue of f{z) at (z = a} is

. 2 2
R= lim(z —a)x =
= Coblz—-aXz—3) - Ba-—p)
_ 2 _ i
bfzi\/az —5?) iJa® - b
— 5
By Cauchy’s Residue theorem,
. . 1 3 2
I=2ni(R)= 2 =
(Ve =8t )~ Ja? 2
sz 0 B 2mn
° ¢a+bsin® Ja? — &
. d9
i al: [ —————
Evaluate the integr { 5— 3cos0

Zx
sin 20
i al | —————d9
integr [5—4(‘:030

% sin 20
3 1 = S e
The given integral, I j 5 _ 40050

[
sin 26 = i (e — ¢ ¥
21

...(6.36.1)

Mathematics - I1
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cos B = —;— e +e ™)

Putting z = ¢®, 4o =£in eq. (5.36.1), we get
iz

3e-2)
2 22 dz

-L4 -1 de
2% sz (5z —2z2 - 2) =

=4

1

2t -1
= = dz
_2§sz(2zz—52+2) .
1 2zt —1

B 2&322 (2z—D(z—-2)

= %écf(z)dz, where C is the unit circle |z{ = 1.

Now fiz) has a pole of order 2 at = = 0 and simple poles at z = 1/2 and

z = 2, of these only z = 0 and =z = 1/2 lie within the circle.
1 . 1 (2 - 1)

Re = =1 R e o e —

S’{J zimﬁa(z 2] 2 (22—1)(z—2)

R |
= lim |2 —=_
H’ﬁ‘z[zzz (2—2)}

1, —15

- 16 _ 16 _5

- 171 T 1 -3 4

2-3(3-2) 3x(F
1 d°
Resfi0)= —— —0y
s RO) oD {dz"'l itz—0) ,*"(er'l}mJ

1 g+ 2 z*—1

T (2-D! d2*? [(Z_O) P21 (z- 2

o 2 (z* -1
2 xzE
dz 22 (22— L{z—2) s

(._.

L.

w=2)
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- 14__17
Cldz (22 -1 (z—2) |,
{(2;» 1) (z — 2) (42°) — (2* —1)[(22 1)+ (z— 2)2]}
z=0

[(2z—1)(z—2)°
_0-(-11-4_ -5

1=2F 4

HenceI:%{2ni{Resf(1/2)+ Res £ (0] = 25(2—% =0

QO©

;
i

Mathematics - II (2 Marks Questions) SQ-1F (Sem-2)

-Differential Equations
(2 Marks Questions)

1.1." Find the order and degree of the following differential
equation

dy f dy
dx2+ 1+[dx] .0

Also explain your answer.

Aees: dy+1[dy) =0

dx? dx
On rearrangi-r.g-,
dy] d%y
(2 -2
On squaring both side,
1 [dy] a2y
* dx) ~ \dx*

Again rearranging the equation, we have

( d2y)? (Q] 1-0

e

Order = 2 and degree — 2

1.2. Find the roots of the auxiliary equation of the differential
eguation :

d*y dy
— 6 + 9y =43
dt* dt ¥ =de

BHE Differential equation is,
&2y

dy - a
i’ S dt *Oy=4e

D%y — 6Dy + 9y = 4%
Auxiliary equation,
—8m+9=0



SQ-2F (Sem-2) Differential Equations
(m — 3)2 =10
m=23,3
1.3. Solve dzy_3ﬂ+4y= X
dt? dt

ABE Auxliary equationis,
m*—8m+4=0

m o — -+ J9-16

2
. 3+iJ7
2
2° 2

Since, roots of auxiliary equation are complex, then .

2
CF = ezx[Cl cos§x+C2 singx]

and PI=0
Therefore, complete solution = CF + P1
3

= eix[(}1 c(‘.;si;—a‘:+c2 singx}

14. Find the general solution of (2D + 1)%y = 0, where D = % .

b3 (2D + 12y =0
Awxiliary equation is,

(2m + 1)2=0

m = —

General solution is y

1.5 Solve:(2D-1)3y=0.

o (2D - 1Py =0
Auxiliary equation is,
(2m—13=

‘Mathematics - II (2 Marks Questions) SQ-3F (Sem-2)

2 .
1.6. Find the particular integral of %x—:: =x® 4+ 2x— 1.

PR Pl= Y (x®+2¢—1)
D2

=1 ez
1+ D% _1
1 R :

- —— X< -+ —

[1+(D2---1)}( D
[1+D7 -1 "2 (x2+2c—1)
[1-(D?-1)] x%2+ 2x—1)

(2 — D) (x2 + 2% — 1)

22 4 4x -2 - (x?+ 2~ 1)

2¢2 4 4x -2 -2

22 + 4x ~ 4 : ,

2Ax2 4+ 2 — 2) : o '

I nan

2
1.7. Find the particular integral of :;:’ ~yea?,

2
P L g
dx
=(D?— 1)y =x2
1 2 _ _
PI = F*lx ___(1_D2) J‘IQ——(1+D2)x2
PI=-(x?+2)

o505 Pl= — —  cos2x
b?_2D + 4
Put, D2=—-4
1 1
- - 2= — —— eos 2x
Pl= 2 pya 2D °F
= - ljcm&sQ:«:dx =——]-'- sin 2x
2 4
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: P
1.9. For the differéntial equation 2 d "': :;z
its complementary function. :
KERS Putti x=et"
i.e., e t = In x, the given equation becomes
[
(DD -1 +4D + 2ly = € !
ie D2+ 3D +2y=¢"
Auxiliary equation is,
mZ+3m+2=0 .
m=—-1,-2 . Fo
' o rao
CF= Cre?+Ge® = Ga + G = Ge 2
1 S x xn
i i 3 d’y 2 ; .
1.10. Solve the differential equation e -12x% + 24x — 20 with
the conditionx =0,y =5 andx =2,y = 2] and hence find the
value of yat x = 1.
]
Asg Given : Y 192424 242 - 20

d‘x2
On integrating the above equation, we get

% = 4x®+ 1262 20x + C, (110.1)
Again integrating eq. (1 10.1), we have
y o= —xt+4x® - 1022 + O + €, {1.10.2)

Atx=0,y=5
Fromeq.{1.10.2),
C,=5
Atx=2y=21 "
From eq.(1.10.2),

21=-16+32-40+2C + 5
21 = - 19+ 2C,

2C, = 40

C,=20

Putting the value of C, and C, in eq. (1.10.2), we get
y= —xt ot — 1022 + 202+ 5
y=—1+4-10+20+5

y=18

Atx=1;

" Mathematies - II {2 Marks Questions)

S5Q-5F (Sem-2)

1.11.

112,

1.13.

F
< Z ﬂ-].y = 0, find the value
dx dx :

" of a for which the differential equaﬂon characteristic

equation has equal number of roots.

The characteristic equation of the given differential equation is
m?2+ 2am+1=0
For equal roots,
(2002 ~4x1x1=0

102 4 =0
da® =4
02=1
a=x1

Determine the differential egquation whose set of
independent solutions is {¢*, xe*, x%*}.

Let the general solution of the reqmred differentisl equation be

¥ = Ce +sze -|~C'3.7L:e'1r LA1L12.1)
Differentiating eq (1 12.1) w.r.t x, we get

¥ =Ce + C)x + L)e* + C(x* + 2xc)e* {1122
From eq. {1.12.1) a.nd eq. (1. 12 2), we get :

y=y —Ce*— 2C3'x;3" L1123
Differentiating eq. (1.12.3) w.r.t x;-we get

¥y =y" = Ce' — 20, (x + 1)e* L(1.12.4)
From eq. (1.12.3) and eq. (1.12.4), we get

Y=y 4y -y 4+ 2Ce =2y —y" 4+ 2C e* L {1.12.5)
Differentiating eq. {1.12. 5) w.r.tx, we get

y=2y —y” +2Ce‘ L£1,12.6)

Fromeq. (1.12.5)and eq. (1.12.6), weget y =2y —y" +y — 2y" + 3"’
=y -3y + 3y -y =0
Which is the required differential equation.

Solve : (0 + 1)? y = 2e=,

AME Auxiliary equationis

(m + 1)3 =
m=-1,-1,-1
CF=(C, +Cpx + ng)e"‘
L g
(D +1)7
1 —x
x— =
3D +1)°

PI =
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= x% -71—29_"
3x2{+1)
3
_ 3_1_26—55___1' e
3x2x1 3
y=CF+PI

x

3
= (C, + Cpx + Cpx)e™ + % e

OO0

Mathematics - II (2 Marks Questions) SQ-7F (Sem-2)

Multivariable
| Calculus-11
(2 Marks Questions)

1
2.1. Find the value of ‘w-E

AriEg Weknowthat,mlm= .n
sin nn
Putn=-1/2,
‘——1+ i-:_in
e
2
2 3 11
= I
2 212
22. Evaluate (—3/2).
A#E We know that, [# [1-n = fﬂ—
sin nx
Putting n =5/ 2,
— n
LT/2F3/:3=_'K
sin —
2
_ T B
|-83/2 = = {-- sin 57/2 = 1}
2.1
2
372 = = =2,
3 1;m; 3
2 2

23. To prove M=1-.

n
St §
m
"
72
E]
&

Afw, We know that, [
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Puttingn=1, 1 =[e*x''de=—[e ] =-le=—el=1

ol—m—g

2.4, Evaluate [(—5/2).

wes Weknowthat n [1-n = ——
sulnn
Puttingr=7/2
772[-572 = T—
. . Tn
51N ——
2
~5/2 = FL (- sin7w2=—1)
|—(—1)
8
T
222

54
2.6. Evaluate J-:x”" e V7 dx .
xEm Let I-— fx”‘* e V% g (2.6.1)
L+]

Put «x =y —»x =y?so that dx = 2y dy then eq. (2.6.1) becomes

I= J‘a"ylfz e” Zydy- QJ-:Q vyt dy
= 2[ ey dy =205/ 2) [By definition]
_ % E \/— J; [-_‘ (f?- e ]__) = n’(_nil
[Z[mIn|p

249. Provethat:p,m).p{l +m,n)pld +m+nr,p)= -
(I+m+n+ p)

Mathematics - IT (2 Marks Questions) S5Q-9F (Sem-2)

ARE LHS = B(l m).B +m, n).B + m + n, p)
[I[m [T+m)ln {Il+m+nlp

- [+md) @ +m+nr)[U+m+n+p)

Z[mnlp

= RHS
(+m+n+p)
%1 - x%)
2.8. Evaluate : j o ara)
e e x8 e x1%
e x%1 e
= D —— e dx — _—
-_[0(1+x)9+15 L A+ ) o
= B(9, 15} —B(15. P =0 [~ PBOm, n) =P, ml

2.9. Evaluate : I:x(S — 2P da
A Puttingx? = 8y or x = 2yV® so that dx = %y—m'dy, we get
I — 1 1/3 1/3 2 — B3
= [z P @~ 8y 25 dy

— __J' —1.‘3(1 y)us dy——-B (2 4]

3’3
2)[e o ,
O O G R

2.10. Prove the following results ;

_[0 -\/Sl'll 5 xI JSIinG dO=mn.

. . i .
A#E LIS = jﬂ sin™ "% 6 cos® 6 d6 x | “sin”? 0 cos® & d8

[—_;+0+2) 2
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P'W|r—~\
by =

bor |I—,

b
Eanramnt
il
\._/N|H

TN
[

1N N
Y

W]

=n = RHS

ol
L

[ m:.nmand (%j=\/;]

211, Find the value of integral I:e"“' x" dx

=}
AT J’e—ﬂx 21 dgx
0

¢ dt
Letax =#,x= — and dx = —

[£3

. a
From eq. (2.11.1)

oo

Since, _[e"‘x”‘l dx = [n
0
-2 1
Therefore, 1 je"t”"ldt = =la
43 D i

2.12. The parabolicarcy = Jx , 1 <x < 2isrevolved around x-axis.
Find the volume of solid of revolution.

A y= Jx, 1<xs2
Volume of solid of revelution

2 2 ) . x? * 4 1 3n
= J-nyzdx=_|:rrx (Vx)V dx = nL—l zﬂ:[E——z-} =5
1

OO0

Mathematics - IT (2 Marks Questions) : SQ-11F (Sem-2)

Sequence and Series
(2 Marks Questions)

. (2.11.1) .

3.1. Examine the sequence a_ = 27 for convergence.

lim (2") = cc. Hence the sequence «_ is divergent.
L—ros

32. Write down the properties of series.
EiE TFollowing are the some properties of series : L \

1. The convergence or divergence of an infinite sefies remains
anaffected by the addition or removal of a finite number of its
terms. ‘

2. If a series in which all the terms are positive is convergent, the
series remains convergent even when some or all of its terms are
negative.

3. The convergence or divergence of an infinite series remains
unaffected by multiplying each term by a finite number.

3.3. Discuss the convergence of the series

o

n!
2_31)2

n=l (n
frov e
! (n+1)!
We have o= 2 ande = +1
W n (n™) LT [y 4 12
lim un, _ llm n' x (n + 1)2‘?1*—1]
- I B n—w 21 (r+ 1)
an+l I'd 2n
- Jim thnH] (n+1)
n—® n2n s o

n—x n—a

- "'2
= lim\\(1+l] J (nxll=elim(n+1) >
n

Hence the given series is convergent.
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Sequence and Series

3.4.
G

3.5.

3.6.

Write down the statement of Raabe’s test.
Raabe’s Test : In the positive term series Zee , if

Ilim L

Ao Uy
then the series converges for %2 > 1 and diverges for & < 1, but the
test fails for & = 1.

_11 <k,

Determine the nature of the series :

o

e e—y (p>0)

Let finy= — 2 so that Ax) = 1082 "
n{logn)’ x

Fr = "2 Qogxy?=t L 1 ogx)? (_ _12']
X s x

= - i p ——— + 71 <
(log )P (log x)*
ie,flx)is a decreasi_tlg function.

a L [ logx}_'p-rllm
Alse If(x) ax - jx(l(:igx)“:' ‘ —p+1 |2

2
Ifp>1,thenp —1=Fk(say)>0

‘(logx) 1
—& '2 k

Thus by mtegral test, the given series converges for g > 1.

Ifp<1,thenl—p>0and (ogxj'7 > wasx o,

ff x)dx = [0 + (log 241 which is finite

. Jf(x) dx — o
Thus the given series diverges for p < 1.
s a0 d
Ifp=1, then If(x) dx = I——x— = |lt::g(log:-:)r'2m 5w
% 5 xlogx
Thus the given series diverges for p = 1.

Find the constant term if the function fix) =x + 22 is expanded
in Fourier series defined in (- 1, 1).

fix) = x + x%

Mathematics - T (2 Marks Questions)

S5Q-13F (Sem-2)

1:l : x® i 1+1
ay = Ij(x+x3)dx=0+[?} =[T]
-1 1

a,=

wim

3.7. If fix) =1 is expanded in a Fourier sine series in (0, ), then

find the value of & _.

1 H
—Jf(x)sin nxdx
)
T T
1Jlsin nxdx =lfsin nx dx
n , T .

1[:5@5]“ _ i[;com N i}
0

™ t In e L

i (I —cosnn)
T

3.8. Find the value of the Fourier coefficient iy, for the function

fix) =

0, —m<x=0
x, O<cx<w

A#E Let the Fourier series be,

Ax) =

a0=

Q',O=

ﬂ,_-):

[ea) (e
043 a,cos nx+ Y. b, sinnx

n=1 n=1

'—0
' ff(x)dx+_|'f(x)dx—‘

an

|

1{0 +_Exde

15

1[ = "ﬂ_f,
w2 | 2

[
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3.9. Expand for f (x)

R

ﬂx):
b =

£

Sequence and Series

=k for 0 <x < 2 in a half range sine series.

27 .
-C—-_l-f(x) sin ndex in haif range (0, )
[}

2k [—cos nn +1]
ni

Half range sine series is

= 3 4 sin 7%
flx) ;nsulz

k=

> 2k [- cos nx + 1] sin _n;cx
LXCNY

3.10. E@md for f(x)=k for0 <x <2in a half range cosine series.

g_rf(x) dx = gfkdx:k[x]z =2k
ey 2 o

%J:-f{x)cos = —J-k -{”UC

k [ . n:rtx—J 2k .
—2|sm —— | == sinan
nm 2 |, ~Aan

flx) = k= %’ +Xa, coa'lgx

E=

2k .
kE+ ) ——sinnmncos nrx
nm 2

3.11. Find the Fourier coefficient for the function flx) = .'rz; O<x<2m.

Mathematics - IT (2 Marks Questions)

SQ-15F (Sem-2)

2ol
rn 1 I

I F1.4
*_[f(x)sinnxdx=—1—_fxzsinnxdx
Tl'.o

_1_ wsnx) gﬂ_szcasnxdx
T Y n

0
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Complex Variable Differentiation

Complex Variable
Differentiation
(2 Marks Questions)

4.1.

. . cosz -1
Find lim ————,
z—0 z
. cosz—1 . tosz-—co30
lim —~ — = lim — —
z—0 = g0 z-—0

cos' (Q) =—sin (0) =0

State the necessary condition for complex variable function
f(z) to be analytic,

The necessary conditions for a function fiz} to be analytic at all
points in a region i are :

Uy =V, U, =—U,

Uy Uy, Uy, U, ex18LES,

Write the Cauchy-Riemann equation for fiz) = ‘;‘."' ip
{a complex variable function).
The C-R equations are

ou _
ax ay
e v
and 2o v
&y &

system.
Cauchy-Riemann equation in polar coordinate system :
du 1é&v
o roe
and, o A
o r a0

Mathematics - II (2 Marks Questions)

SQ-17F (Sem-2)

AEE

4.6.

AT

4.7.

Here Az)=u +iv=sinhz =ginh (x + {y) =sinh x cos ¥ + icosh x sin ¥
© = sinh x cos y and v = cosh x sin y

fu B . .
— =coshxcosy, —— = —sinhxsiny
dx oy

du . v

-— = sinh x si —— =coshx cos

x 1 x S]_l'ly, Qy = ¥
E‘i = du and QL’{: _ du

ox 3y Ay ax

Thus C-R equations are satisfied.
Since sinh x, cosh x, sin y and cos y are continuous functions,

ou Bu v and _31) are also continuous functions satisfying C-R
ox’ ay £

equations.
Hence flz) is analytic everywhere,

Prove that u(x, y) = ¢* cos y, is harmonic function.

u=ce"cosy
@,— — X : 82u —_ A
o —ETeosy ,@—e cos ¥
du . u
_QV =~ 31Ny ’—@2 = —¢e*Ccosy
. u  E'u . N .
Since — +— =0, hence « is a harmonic function.
f7:4 ey

Prove Cauchy-Riemanmn equation in polar form.

Let {r, B) be the polar coordinates of the point whose cartesian
coordinates are {(x, y), then
x=rcosB, y=rsmb
z=x+iy=r{cos B +Isin &) = re®
u -+ v = flz) = fre®®}
le’ferentlatmg eq. (4.7.1) partially wrt r, we have
du . dv

. £4.7.1)

— i~ =f"{re®e*
ar ar
Differentiating eq. (4.7.1) partially wrt 8, we have
du L dv ) ) [77) v
— i — = ’ B8y Fmal® — F — f
o6 "lop =T reire Ir(ar o EJrJ
do .
= —F—+Fr —
ar ar

Equating real and imaginary parts, we yet



SQ-18F (Sem-2)

Complex Variable Differentiation

o q ., o -
26 or 200 o0 or
ou 1ov v lou c o |
or —-=25 F 2’ which is the polar form of C-R
equations. :

4.8. Write down the conditions for conformality.

AT A mapping w = f{z) is conformal at each point z,, where f(z) is
analytic and f'(z} = 0.

4.9. Describe the region onto which the sector r < @, 0< 6 < % is

mapped by
a w=z2
b, w =23
a. R =r?<al 0£¢£~;— (Fig. 4.9.1)
Y

z-plane H w-plane

b. w =25 K =r% =30, K=r®<adb, 0&¢£%(Fig.4.9.2.)

L

w-plane

4.10. Write down the properties of Mobius transformation.

A#E Following are the properties of Mobius transformation :
i Circles are transformed into eircles under Mobius transformation.

ii. The erass-ratio of four points is invariant under a bilinear

transformation.
QOO

Mathematics - IT (2 Marks Questions) SQ-19F (Sem-2)

Complex Variable
Integration
(2 Marks Questions)

5.1. State Cauchy’s integral theorem.

#Zmas  If a function £ (2) is analytic and its derivative f'(z) is continuous at
all points inside and on a simple closed curve C,

then [f()dz =0

F
52. Write the statement of generalized Cauchy’s integral

formula for ntt derivative of an analytic function at the

point z = 2,
If a function f(z) is analytic in a region, then its derivative at any
point z = z, of that region is also analytic and is given by
1 fz)

a)= — |——d=
f 2 E[ (z - z)
Where, € is any closed contour in region surrounding the point
z=2z,

5.3. Evaluate IﬁdZ, where C is the circle |z]| = 2.
L5

ARH: The pole z = — 1 lies inside the cirele |z| = 2.
By Cauchy’s integral formula,

e” I 2z
by oy de = 2nile), = =
22 +1
54. Evaluate I 5 dz , where C is circle {z| = 3/2 .
c® -
m I:




SQ-20F (Sem-2)

Complex Variable Integration

5.5.

3.6.

The integrand { is not analytic at the points z = £ 1 and both lies
inside C.
Now write the integrand as,

11 11
= 741 -= dz
I= i{z * )[2<z—1) 2(z+1)]

I 241 _ 22+ D
-2z -1) c2z+1
I=1I+1,
Now using Cauchy integral formula,
(ZZ+1) Nz - 122 +1)
IL= | ——de=gm P2
1 £2(z—1) -y |
_ 1+1
L 5 = LT
—(z2+1) 2122 + 1)
And L= ;[ 2+ TP o0 | -
= 2m @ = —2
2
I=I +I, =2 +{—-2m)=0

———. dz
Evaluate k=3 2% + 1

Poles of integrand by putting denominator equal to zero
2Z2+1=0
zZ=x1i
The point z = + i lie outside the circle |z{ =1/ 2.
By Cauchy’s integral thecrem,
oy = 0
k=3 2% 4 1

1
Find the residue at =z = 0 of z cos pup

Expanding the function of powers of 1 , we have
z

1 = 1 — L + L . = i + 1
Zcos — = Azt 4tz 2z 242° 7
This is the Laurent expansion about z = ().
. . . .
The coefficient of — initis — 1/ 2. So the residue of z cos 1 at
z F-1

z=01is~1/2.

Mathematics - II{2 Marks Questions) SQ-21 F (Sem-2)

3

5.7. Find the residue of fiz) = 7~ atz =
ZB
ARK: We have, flzay= — 1
22 _
3 -1
f2) = —ZT=2[1_%]
(%) 7
=
—z(1+i+i+ ]—z+1+i+
a 2z )T z 27

Residue at infinity = — [eoeﬁ' of 1) -1.

Z

5.8. Find the residue of Az) = cot z at its pole.

cos =

sin z

The poles of the function fiz) are given by
sinz=0,z=nr,wheren=0,x1,+2 3.

PO fiz)=cotz=

Residue of iz) at z = nris = cos Z
Ez—(sin )
Losz _ 1 Residue at{z=a)= a)
cos z $la)
1

5.9. Expand in the regions |z]| < 1.

(z+1)(z+3)

3 1
T (z+1(z+3)
Using partial fraction,
i 1 1
zZ)= = —— -
7l 2 [z +1 z+ 3}

11
1+z B+z

Arnig. Let, A=)

1
f(Z)‘: E{
lz]< 1

-1 a1 2!
ﬂZ)—z[(1+z) —3(1+§) ]
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Complex Variable Integration

5.10.

ol el

511,

1 . 1 z z z )3
z2)= Z[1— 2_ . 1-=l1-= [_j — [_J
A 2[1 z+z"—2"+..1 6[1 3+ 3 3 +.

Discuss Singularity and its types. A

Singula ity : A singnlarity of a function Az} is a point at which the
function ceases to be analytic.
Types of Singularities :

Isolated singularity,
Removable singularity,
Poles, and .
Essential singularity.
t
Discuss singularity of (—cu)zi,— at z = e and z = .
zZ— &
cot mz coS T2 -
Let A=) = (z—a¥ sinnz(z — ol

The poles are given by putting the denominator egual to zero.
ie,sinmz{z—a)l=0=(z—a)l=0orsinnz =0sinnn
2=, Z=NT
z=a,n

Qe

(neh




